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• � 0*O"R¡0�,jO!�!Q*TÅ, R�HJ+b+-,IHJ+LKP+LHP.!O�,t,j.!.<0 KBT U*gku�,Å0*TI0�, R�HJ+
\ I O�+LHPd�O!0�+-, KhO!0*T 2 T U*gku�,Å0ZM ,jO I O�`�K5d�g 0�+-,LKJR!0 I[2�I m
P n�Q1' HPO*.s, R1HJ+ MNKh)*.s.!) H�HJ+
P .s, R-0*usQ�, ��,IHPO&�!Q*TÅ, RLR-Q T HPu�KBu!Q�, �!Q�%
P gk)*)�+LHPO .!)�,/O�\�Ro)*)�d£HPgku�,Åm\J 2�I

• X 0*T/.s,/O�+LK1M^0 M^0 HJ+10!0�O^] #)Th#�2 .!)�T +10!0^0
#ZT�6 ' KhuPHs0s0^0 #ZTsn�usd£KhO�R�R<,Å0 \jM^0 T Khu*)o+i#ZT!2
M^Q!Q!�!Q�+ ,jTtg 0*O!mJ%
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• _ T r�K5d�, +<gk,/O HPO�u!0�,jO"KP+<)"R
\�Kh'NMNHPT/g KB,/O�+-,jOsQ*u*u!Qsd�U"U$M�HPOkR<, M^0!0*O!m�]

Pa` .JR<,jO�.-HPd�+10�, R�HJ+_R^UoeP+LH(QÀML0G+<)*T K�R^+<)"R-0�Ro)�+_U*g R�%
P F HoR^+-, + KhO�u-U*d�, +S+�UkRo)*)�O*O�, +S+LHPT H�g 0!0�OiRJ, +LH�O10

HJ+S+1Q

∗ U*.JR<,jO�.-HPd�+10�, R�HPT/TI0*.s,jOVd¦0�+<.<0�, RJ)*T/TI0iR-0s03K�R¡0*O
uP, R^+LHP, RL+1Q

∗ gk)�+S+10 +1Q-U"RJ,t,jO�u�, R^+LH!, R<,/,/Oi+10sdY��, +10!0*O
+LHP' KB.J0�R�KB'NMNH�Ttg 0�%

P � ,jd ML0�O M^0�.s, R-0o+LH�'o+1Q!��,IHPO&�!Q*TÅ,jTtTWQ3KBObMNKB, +10*.s,/O
+LHP.!O�, RJ,WQkH�dfK1M^0^]
∗ � , R¡0"RLR-0 .<Q<U�+LHJ+1Q!Q*O OP,jg HJ+S+�UNM^QiR^Uoe!+LH�QçM^0
+<)�T K�R)b6ced)fHgZh!bigkj�lm0(.s,/dIM^0"RLR¡0
OP,jg H Q*g Q�+S+Lehgi,ÅQ KhT HJ+<)"RZn(cpo6bigkj�l*%

∗ � , R¡0"RLR-0ÄU*.JRJ,*+-,IH)M�KPRL+LK R<, R¡Q*T +1Q!Q�qsrmf�dZt
+LHoR^+-, R^UoeP+S+LH�HPO^0(.s,/dIM^0"RLR¡0&�sK�,5+<)*T/TI0�u
g1t^bkl
R^Uoe!+LHo+S+1Q uPHPd³Q�.!.<Q�,jO�%
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����C�8����h:¡E��*:-C
	*C .s)�+LHPO��_0�+10�+1Q*'o+-, Q1.s, R¡0"RLR-0�


+10!�!0*TtTt, R<,jO5%

� 	��À;âD +LH�'o+1Q!�!Q^]

• F HoR^+-, R^UoeP+S+LH�HJ+ 0*O*O HJ+10!0�O3HJ+<)*.<Q�+LH�HPO�%

• Y 0"RJ.-HV.-U R^U�+S+�UÄ+<)*T K�Ri's0*T/)!0�gÄ0�T/TW0�RJ,�+10!�!0*TtTW0^]
P .-U5OsQ*T/TIQ_ML0 u!0*uPHPd�,/T/TW0�\��­m
P O"Kh.!.¡HPTW0*TtTW0 0*T r�K5d�, +<gk,/T/TI0 O KhuPHs0�RL+-,
P U*.JR<,jO�.-HPd�+10�, R�HPT/TI0 0*T r�K5d�, +<gi,jT/TI0

+10�)"RL+10�QL0NMNKhOs0^0(.s)*O�gk, HJ+-, + gk)�, +10
+LHP'�+1Q��*,WQ^0�%o%�%

� 0�,jO�d³0�+<.<0�, Ro) uP, R^+LHoU�+LHJ+1Q!Q*O10B+10*us0!03H!,â%

� D����t;¥D5E +LHP'�+1Q��PQ1]

• 2 'NMNHPT/g 0"R<,��1.¡HoRo.s)"RL+LHPT H"H�� +LHoRL+10*)�RodfKhlPKP+-,jO
.<0*O"RLR-05%

• X H�TI0!0 TW0�)�+10*uPH�TÅ,ÅQiR<, +1Q&�P0�RL+10!0�Oi+<g R"%

• X , R^+LHJU�+�U"R�� KB,Àd�,/,/u*u*)!0�.¡HoRo.s)"RL+LHPTt)*O
g Q!Qsd³Q�RL+1Q�%
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#*% _ T KB, +10i+<)�+<)"R^+<)*g 0*TtTW0���l�c�����d!d)tbM^0 HJ+S+<)*)*O

g 0�+LHPd�,W0!0*TÅ,/,jO��

• / 0!0�+ +LHP'�+1Q!��, RL+1Qk2 � HPdfR<,IKP+101]
EBD�� �Å8hD&D�;âD&A�;tE��t;¥D5EBD ��,jd¦0*T/TÅ,jO HPO&�sHPdÍRJ, K 0"MNKh.<0
usQ�+LH�H MSKPR � H�dÍR<,IKP+GuPKB,/.!.¡Hs0��P0o+b+LK�, R<, R^+10!0*O

!#" �%$ EBD¶AP;/E&�t;¥D5EBD .JQsQ*O*O e�R!0"MNKh.<0kKhO
HPu!Q��*,/d³0�T/Tt,/O HPO�%

• � KB, +Gu-U�U"+1QsQÄ+1Q"Rog HPO*O�U*.JR<,ÅQÄ+LHP'�+1Q��*,t,jO
P n lHcet d)t)h�cpu�u('Hc h(d)t�b*)�tmtmcptV0NM^0*O��
P gk) K!+LKB,jT +<)*O!0+�,q�,�,-'�. d)cpQ1.<U"R^U5g�U*.JR<,j.JR<,â%

2¶%0/!0�+<.<0�.¡Kh.¡H!,jT HPgÄ0�T/TW0�bid h)bkl�)!h�o g21^gsb b6c l
3

• � KB, +GTWQ�' HJ+S+1Q!QiR<,jTtT HVd³0�+<.<0�, Ro)"H�'ZM�KP+<)*.JR<,Å0�RJ,
+LHoRL+10o+S+10!�!0*.JR<,â%

• / HVu!0*TI0*)�+S+10!0&�!0"R^+10*)*.<R1HPO!0Ä+LHoR^+-,IHPO
+<)*T Kh.JR�Ho+o%

• 4 cecpu
d)cptHd)t3H�'ZM�KP+<)*.JR<, R^+10"R<,ÀuP, R^+LHoU�+LHJ+1Q!Q*O5%

• X , R^+LHJU�+�U"R +LHP'$M*Q!Q*O
�!0"RL+10+�$c h�l652'Hc n7'�t
j7'�,���d!d)t d)oic1h6q�8sb bid)c9,�,:'V.!)P,jOi+LHoRL+10*)�R;�
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K�MNK�M 8OL0MPK @CEHGHB

• F HP'�+1Q��*, RL+1Q O!Q*.¡H�H MNKhO*.s,/O
RJ)*)*dfH"HPO

n ≈ R^UoeP+S+LH�HPO�g Q!Qsd¦Q5%
Q RJ,/gGHPd�.s,j.<RJ,*R^UoeP+LHPd�, ��,IHPO�T/)*.s)*g Q!Qsd³Q*O5%

• R U5.-U"0�,/.J0P, R<,jT/TI0 .s,jTtu!0�,/T/)*.¡KhO H!,/T/TW0&� KB,5+LHP'$M5Q
RJ)*)*O*O�,/T/T H"HPO�gk)*)o+10*g 0*O u�c9, j(gFgmt�lHt ≈ 220

5 dZoS)!h(gT5 dZo�l%l1b6c gsbkl TVU XAW Q²R�H�.s)*O�+-,;]
P X H�d�)"R�KhuPH�d¦0!0�+-, KP+ d�,t,ju*u�)!�!0�+b+LHP'�+1Q!�!Q"R^+1Q^]

R<,jT/gk)*.s.J0�.s,IHPd�d£Kh.<R1HJ+�0ÿd£HP.!)�dfR<,IKh.s)�+^Ro)o+�0Í%�%�%
P � H�TtT KP+10s0NM1)*)"R KBO�)"R�HP, +10kR¡0�+LK1M^0

%�%�%Jgk)*)�+10*g 0 +<)*'!0�+ ' a%XiHPTt,¶gi,jT MNK�KhO�,W0
.<Q"RJ.<UNMLQ TVU XAW QNR�HP.!)*O�+-,­%

P 2 'NMNHPT/g 0*.¡K�K M�,*R<, R¡Q*T +1QsQ .<U*g3g HPO�,WQ
%�%�%LR¡0�+10*.!)*Oo+10 .JQ�Ro.<U�QUT9uPH�d�)"R�KhuPH�d¦0!0�+-, K¶%

• R Q�, R^+1Q
� KB,NM50!0*O 0sdY��, KB,LM5010q.!)�,/O*.<0i+LHP' Kh.<0"R^+10
0*T r�K5d�, +<gk,W0Ä+LHP'�+1Q!�!Q*O�TI0!0�+-, ML0V'!0*.¡H�H*%
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/ K�R Ro)�)*d£H�HPO

n
.¡Kh.¡K�KhO MNKB, +10*. ,jO�%o%�%

As?�$Y$ EBDB;/C \�HoRJ,/g %
n ≈ 20

m�0qO�,t,jO�d¦0!0*.<0!0�O
TW0�Ro.¡HPO�+10!� KB,/gÄ0s0*O uPHPd�)�RL+<)!�!0!0+��lHc����$ced)t
n lHcpr1bigFd)r^bigkj(d)t+,-'65sc9�Z' qst^b6c-'*%
X H�d�)"RJg H�O"Ho+LHPTtgk,WQ_M^0Ä+LH�'"K�RL+<)�.JRJ,W0�.<0*T �sK�,jT/TI0\[¶%

! 8*:7�]��8 \�HoRJ,/g %
n ≈ 100

m�0qO�,/,/OV�T)
)1b6c g2,�,ec h!bkl
O(n3)0*T r�K5d�, +<gk,W0�%

Q RJ,/gGHPd�.s,j.<RJ,&.<0*T � KP+ $&%�#*%t2�gi, RLR¡Q
n =

R1KhTtgk)NMNH�O
g Q!Qsd³Q5%

: " ��8hD ! ;j8 \�HoRJ,/g %
n ≈ 1 000

m�0qO�,/,/O
tHd#,pc:82,�,ec h!b^'

O(n2)
0*T r�K5d�, +<gi,Å0�%

Q RJ,/gGHPd�.s,j.<RJ,&.<0*T � K1MNHPO V '�,LM50�RL+10_MLQsd MNH�R^+1Q*gi, R^+1Q�%

As?�$Y$ EBDB;/C9: " ��8hD ! ;j8 \�HoR<,jg %
n ≈ 216 ≈ 65 000

m�0
O�,t,jO

O(n · log2(n))
0*TIr�K5d�, +<gi,Å010(.!)o+LH�O5%�%�%

• .<0*T � K1MNHPO V %/2 O KBu�H 0!0 M^QsdIMNHoRL+1Q�gk, RL+1Q

• .<0*T � K1MNHPO32&% V +LHP' Kh.s.J0P,LM�HPO�.¡H�.¡K1MNHPO�.<Q-U�+S+Le�Q

• .<0*T � K1MNHPO #�4&%�#*%�# l�,jOsQ!Qsd�,/'!0*)*O�.<Q-U"+S+Le5Q�%
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• ' H�d�.s,/O�+1Q

O(
RJ)*)*dfH�H�O

n
TW0*)�R1HP.¡H

)

+10sd�.¡KB, +S+10!0V,jOo+<)�, +-,t, ��, R�HoRL+-,
� _ TIr�K5d�, +<gi,*+LHP.¡H�H g2,ed!d#,�,ec h(d�h!b6c¶+1Q*g Q*O
� HPd�d¦0*O�uPHPd�)�R1KhuPHPd³0s0�+-,IKB, +10^0ç.!)*OkRJ,/T/T H
0*O*O"Ho+10s0*OiRLUJeP+LH_MNKhO�.J0�.¡Kh.¡K�KhO

n
%:�

• / H 'sQ�, ��U�+S+1Q!Q O!Q*.-U)��, RL+1Q

P TW0P, +LH(QçM^03KB'NMNH�Ttg KB,jO�+-,/.s,IHPTÅ,j.¡Kh'�+10�, R1HJ+bH�dfKP+
U*'$M�HPO�u�HPd�)"R�Khu�HPd¦0!0�+-, KhO�.¡HoRL+LKPR�R¡0

P .<Q-U"+S+1Q-U�+�U5gi, R1HPOVu�, HPO�,jTtTWQ
n
0"MNKB,jTtTW0

0*Tt)"RL+<)�.JRJ,t,jOiR-0!0o+S+10!0 .!)*Tt)!0kRJ)*)*d�,BK�R¡0 0²ML0�RL+10
P 0*T r�K5d�, +<gk,/O gk)�,LM�HPO .!)�,jO�'�, +10�,jgkg 0*O
�!0�,j'"H"HPO&�P0P,j.!)�+<)�.JR1HJ+o%

• F@0sd�.¡H�gku�,&gÄQsQ!d�, +LHPTtgÄQ RJ, �5)�)�+LHJ+10!0*O�%
��#m0qTt)*.!) V %�#��À6 0qT/)!�*)�+ 2¶%�#_M^032&%/2%�
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�t[ 0qTt)*.!)32��

• / K�R�Kh'NMNHPT/g KB,/O�+-,j.s, HPT HPT/TIQkKhOkR^+10*O$M50sd[M�KB, +<)
+-,IHJ+LK5d¦0*.¡H�O�O HP.s,jd M^0"RL+LK .s)�+LHPO
����� / +10*O$M50sd[M F HPgku*TW0�+LH Y ,/lsd³0sd�U \ / F Y m
�*8
	*8 u!0*.!.<0*)�R *<w�.�w&z�+oxsy-�
O�,t,jO�.<Q-U�+1QiRJ, +1Q��

• ' )*)�+LHPOi+-,IHJ+LK5d³0*.¡HPO�+LH�HJ+qMSKB)�+<)*)i+LKP+LHP)�+S+10*g 0!0*O
.s, R-0�+-,/TW0*Oo+LH"HoRLR-0 .<Q"R<,jO5%

• / ) K5d¦0!��,/, �!0�,/O HPOi+LKP+LHP)�+<)"R +10*)*Tt)*.¡KhT/TI03KhO�)�R1H!,jO
' HPT/uPKB,/O�+10�%
�>U*O!0!0*gi, R�HPO gk)�, R^+-,jO&�P0sd¦0*)"RcM^0&�P0�u!0*)�+<)"R
.<Q"R<,jO3KhO���,jd�' H 0*T +-, R^+10�%
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• F@0��P0�T/Tt, R1HoR^+-,À. , R¡0�+LHP'�+1Q!��, R^+1Q(��O!Q*.¡H�H�� RJ)*)*dfH�HPO
M =

g KhO�+10*.¡K +-, Ho+<)"Ho+S+10Ä+-, HJ+LK�d¦0*.¡HPO�+LH�HoR1H�HPO
u�, +1Q!Q3HPO�,/O�+1Q!Q*O gÄ0�'�+<)!0 .¡HPd�d¦0*T/TI0!0*O�%

• / )*)*dfH M
d�,/,ju�u*)*)kRLUJeP+S+LH�HPO�.¡K�K�R^+10�%

• Q RJ, +LH�TtTWQ!Q�O^0(gi, +LHPO u�HPd�)"R^+-,IHJ+LK5d³0*.¡HPO�+LH�HJ+
� ;¥D2� \L.<0*T � KP+ 2&%Í#"m
���çD2� \L.J0�T � KP+ 2¶%t2�m
A�EhA]� \L.<0*T � KP+ 2¶% V m
� KB,LM*0!0*Oi+LKP+LHP)�+S+10!0

M
Q1u!0�,j.s.J0P, R�H�TtTW0

+10*)*Tt)*.¡KhT/TI0
A
%
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• � cpt�gÀT/TI0�\�RL+10$K!."mbKhO # u!Q!Q^0�MNKh'"KhO�.¡Kh'$M�, RL+<)��P0o+
.<0�,j.s.s,ÀuPHPd�)�R1KhuPHPd³0s0�+-,IKP+�]

P )*)$MPH�Oi+-, Ho+<)"H"HPO+,pc h7' q%h3HPTt,
� XAW / a%�

P �!0*O*'!0�Oi+-,IHJ+<) H�HPO 5 g1c h)big9HPTt,2� X 2 X �
P u!Q!Q�T/Tt,/gkgÄQP, R�H"HPO +-, HJ+<) H�H�R�H�HPO
�T)Ho^�%c h)bklHu�cetHd)t3HPTÅ,2�NF 2 X �

Y , R¡Q*.JR<,$�sK�,LM50!0�O .<U"R^U"Q^05KhO�.-K�uP,jO K b qsr j7' �P0P,�H!,­%

• � ,t,jg H!, R�H�.<RJ,¶TÅ, R¡Q�+S+�Ui+-,IHJ+<) HVuPKB, R^+<)*)
HPO"R<,jgkg Q�, R�HPO!Q�%
\��q0"RL+��²O^0��>,jdÍRL+ � )o+1m
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• Q RJ,/gGHPd�.!.s, ](TI0*)�+10"RJu�,jO"K90�RL+-,W0*.<0!0*u�, R�R¡0�%
P � 0�+S+10*)*.JR�H�HPOkKP+LHJ+10!0*O 0�,/O!0�u!QsQ*T/TÅ,jgkg Q�,jO HPO

TW0�)�+10*O HPO�%
P _ R^+-,Å0*O�u�HoRJ)*.¡KhO H�HoRL+10 TW0�, +LHo+10s0*O )*)"R<,

TW0�)�+10*O HPO 0P,jO!0 u!Q!Q*TtTt,jgkg Q�, R1HP.JR<,â%
P � 0�,jO�u!QsQ*T/TÅ,jgkg Q�, R�HoRL+1Q TW0�)�+10"R�H�R^+10 O!Q*.¡H�Hm0

KhO*.¡K R�H uPH�R^+�U�.!)*O�O KhT/TI0�%

• F K!+LH�)o+<)"R)]
P F@0�)*T/)*.s.-KBO!03KhO

A[1 . . . M ]
%

P Y , R¡Q*.JR<,Àgk)*)o+S+<)NM^0
koko

gk)�, RL+10s0 u�,/O KhO
h6q niq!qsfHd)t10¶HPTÅ,�R<,/,/O!Q�O�U�+ KhT H���,IHPOi+-,IHJ+<) H!,NM�HPO
T/)�.!)*g Q!Qsd³Q�O
/ K�R

koko = 0
0(O�,/,/O�u�,jO K�KhOk+�U5'²MLQ5%

P FG, Ho+<)"H"HJ+ +10*TtT HJ+LHJ+10!0*O�bkl���l65 d)okcpt�3
#*% usQ!Q*T/TÅ,jgkg Q�,jO"H�OÄKhO

A[koko]

2¶%cR�HPO 0*T/TI03KhO
A[koko−1]
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• 	 g1tHg¶T/TI0 \�
B) HP) H m KhO32 u!Q!Q�+1Q1]
8��âA " � C�C MSKPRL+10kKP+LHJ+10!0*Oi+-, HJ+<) H!, +10 uPKB, R
�-� � ��" � C�C MNKh' KhO�Tt, R¡Q�+1Q!Q�O )*)"R<,Å0i+-,IHJ+<) H!, +105%

• FG, Ho+<)"H"HJ+GuPKB, RL+<)!�!0�+qMSKBO K�R^+10
R¡0!0*u*)*gi, RfM^QsdIMNHoR^+�U*.JR�HoR�R¡Q�%
\��>,jdÍR^+��²O^0��>,jdÍRL+ � )�+1m

• Q RJ,/gGHPd�.!.s, ](.<0"RLR-0²MSKBO K .<0*)*us0"R�R¡0�%

• � KB,LM*0!0*O3R¡0*T/TÅ,Å0 g UJe�R
P Tt, R-Q-U*.JR�HJ+�0�T/.!)*usQ!Q*'!Q*O
P uPKB, R^+LKP+GT Khu*u*)*usQ!Q*'!Q*O
MNKhT/T KB,jOkR-0!0ZM50!0*O 51lT����l�\6M�Kh)*l�T H(QSHPO$MPHZM�
B) HP) Hm0
M�H

B) HP) H mJ%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê �¦ô

ö �L�³��¤ Æ�� Æ

• F@0�)*T/)*.s.-KBO!03KhO
A[0 . . . M − 1]

%

• I O$MPH�.<R1KB,/O�+-,juPHPd�,W0!0�+LHm]
P A[i]

+LH�'ZM5Q!Q*O*. ,jO
A[i mod M ]

P HPTt,�j�l���gkj7'�'Htmt�8)h�uP, +<)*)$MPH�O
M

Ro)*'o+LH"HPO
\ ��gGKFMB)*T K

M
�Sm

P HPTt,*+10*)*Tt)*.!.¡K�KhO�.s,jO���d)rT'm0"MNK�RLR¡0\�k��,/,/gGH!, R1HPO]�
u!0�,/.<0*O

A[M − 1]
M^Q*T/.¡H�HPO3KhO�.s,jO M^Q*T/T H�H�O

�²H�O�RJ,/g3g Q�,/O HPO]�3u!0�,/.!.<0
A[0]

%

• � Q<U�+LHJ+1Q!Q*O .<0*'o+10 0*u*)�g3)�)�+S+<)NM^0!0^]
P alku =

MNKhO KhO3H�O�RJ,/g3g Q�, R1HPO +-,IHJ+<) H�HPO
,jOZM�HP.JRJ,

P koko =
MNKhO"K�R�R¡03KhT H���,IHPOi+-,IHJ+<) H!,NM�HPO

T/)�.!)*g Q!Qsd³Q5%

• / KhO KBO 0*Tt.s,IK!+ K%�P0o+ uPHPd³Q*.s.JQP,jO
+10*)*Tt)*.!.¡Khu!0P,j.¡KB, RLR¡0
A[alku], A[alku+1], A[alku+2], . . . ,

A[alku+koko−1] (mod M)\�R<,/, R +�U5'²MLQ�T/TWQ_MNKhO"KhT/TI0
koko = 0

mJ%
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• Q O"RJ,/gkgÄQP, R�H�O +-,IHJ+<) H�HPO
A[alku]

u�K�, R^+LK ]

alku
���

(alku+1) mod M �
koko

���
koko−1 �

• � ,t,jg H!, R�H�OÄ+-,IHJ+<) H�HPO
A[(alku+koko−1) mod M ]

uPHPd³Q!Q�O�Tt, R-Q-U"R!]

koko
���

koko+1 �
A[(alku+koko−1) mod M ]

��� Tt, R-Q�+S+1Q��PQ
+-,IHJ+<) H

t �

• Q O"RJ,/gkgÄQP, R�H�O +-,IHJ+<) H�HPO3HJ+LH�HPO�Tt, R¡Q-U"R)]
;��

alku = 0
:Z�5EhD

alku
���

M − 1E�� ! E
alku

���
alku−1EhD�� ;�� �

koko
���

koko+1 �
A[(alku]

��� Tt, R-Qo+S+1Q!�!QÄ+-,IHJ+<) H
t �

• � ,t,jg H!, R�H�OÄ+-,IHJ+<) H�HPO�uPKB, R^+LK ]

koko
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• FG, Ho+LK5d¦0*.¡HPO*O H �!d#��g�\L' H 0*u!m HPTÅ,�5Hokceg%okc bid!d$b b6c j(g1tHg
\Lusd�, K5d�, +�U 
B) HP) H m
��#H0 Tt)!�*)�+ 6&%�#��B6&% V �ç6 0T/)�.!) 6&%ÅnH� KhO3R�HPT/TI0�,jO HPOi+-,IHJ+<) H��!0sd³0�RL+LK
P MNK�RLR-0Ä+-,IHJ+<) H!,LM�HPO

t
0!�!0�,jO�.-HPO�+S+-, HPO

avain[t]�!Q*Tt,/T/TIQkKhO MSKB.s,jO j7'Zo j(d h)b q%h*dfHPTW0!0o+-,IK ≤
P MNK�R^+10 M^QsdIMNHoRL+�U*.JR�H�RLR¡Q 5sced)tmceuSu('HtÄ+-, Ho+<)"H"HPO

T e"U�+1Q*gi,jO"H�O_M^0 u�KB, RL+LK�KhO�O KhuPHs0s0�%

• Q RJ,/gGHPd�.!.s, ](u!QP, ��U"RL+�U"RouPKhTt,/.!Tt,/O�,j.s.J010�MNK�RLR-0
uPKP+-,jTI0!0�+G' K�,LM�HJ+10!0*O+�%cpceokd!d#,�,ec h6q!q�h²M^QsdIMNHoRL+�U*.JR�H�RLR¡Q�%

• ` .JR<,jO�.-HPd�+10�,jO"H�O+1mcpt�'�'ZoicÍ.-HP.¡K \Ll�,jOs0!d�U�'"Hs0�u!m KBO
P +10*)*Tt)*.!.¡K

A[1 . . . M ]

P MNK�R^+103KhO���' q bS8)h�h7'Ul�,9�T)�gZh�l
A[1 . . .koko]\�R<,/, R +�U*'NM^Q*TtTWQ .¡H�KhT/TI0

koko = 0
m

P MNK�RLR-0&�P0�T/Tt, +^R1H�H���d#��gFd)r^bigp\L' H 0*u�usd£KhuPHPdÍ+�U!m
avain[A[i]] ≤ min(avain[A[vasen(i)]],

avain[A[oikea(i)]]).<0�,j.s.s,Å0*TtTW0 \�HPTt,&,jO$M�HP.JR�H!,jTtTWQ
1 ≤ i ≤ koko

mJ%
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• F@0sd���, +S+10!�!0�+ 0*u*)*TI0*)"R�H�.s.-H�HJ+ K��!0�+

vasen(i) =







2 · i .!)�O
2 · i ≤ koko

NULL
g3)�)�+LHPO

oikea(i) =







2 · i + 1
.s)*O

2 · i + 1 ≤ koko

NULL
g3)�)�+LHPO

pappa(i) =







⌊
i
2

⌋ .!)�O
i > 1

NULL
g3)�)�+LHPO

\�R<,/, R 0*TI0"RousQ�,jO u<UJe5d�, RL+1Q HPO!mJ%

• _ u*)�TW0*)"R�HP.!.¡H�Ho+5�sK�, +10�, RJ,t,jO MNKh'�+10!0
P 0NM^0�+S+LHPT HPg 0*TtTW0 .¡H�.¡K�0+1mcpt�'�'Zoic 5&)
)Ht�l
P MNKh.<03KhOi+LKP+LHP)�+LHJ+S+<)Ä+10*)*T/)�.!.¡KhO!0

A
%

��#m0q.!)��P036&%�#��

• _ u*)�TW0*)"R�HP.!.¡H�Ho+ �1'�U*u*usQ!Q!�!Q�+ � +10*)*T/)�.-KPR�R¡0
A0�,/O!0���lT��h�c ��d)o bkl%l ��l
)%dZu�u&l!h]3

1
vasen−−−−→ 2

vasen−−−−→ 4
vasen−−−−→ 8

vasen−−−−→ · · ·/ ,/, +1Qi+LHP' Kh.s.!)*)"R!]h+10sd��*, +S+10!�!0*O '�U*u*u-UNMNKhO KhO
u�, +<)*)"R�KhO

O(log2(koko))
0"RJ.-HPT +10

.
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• X ,IHPO�,/Oi+-,IHJ+<) HiKhOk+10�)*T/)*.s.-KBu!0�,j.<0"RLR¡0
A[1].¡HP.-K�HP'$M�KhO�O K1M^0*T/TI0�%

• F@0�)*T/)*.s.-KBu!0�,j.<0"RLR¡0
A[i]

KhT H��P0�O 0*Tt.s,IKhO�uPKB, R^+LK ]
� �^���!E�� " ��E

delete(i :
;¥D��BEhA ! ;

);��
i = koko

:Z�5EBD
koko

���
koko−1 �E�� ! E

vaihda(i,koko) �
koko

���
koko−1 �

heapify(i)EhD�� ;�� �

• _ TÅ,IKh'NMNHPT/g 0
heapify(i)

� �ÅE�:1:<8�8 8�� " A ! ; HJ+S+1Q .¡H�.¡K�HP'�+LK�KhO
�sK�,jg 0"RLR-0
,jOZM�HP.JRJ, RL+1Q

i
�!0"R�H�gkg 0*TtT H@M^03KB,/.-H 0*TtT H

g HPO�+1Q HoR�R¡Q
:-8&A"8�8 �-� ��" A ! ; HJ+S+1Q .-HP.¡K�H�'o+LK�KBO�� KB,/g 0"R�R¡0

g�Uoe�RG,/O$M�HP.JR<, RLR-Q
i
%

/ HiR¡0!0$M*0!0*O3KB'NMNH�Ttg KB,jg 0*TtTW0V.¡HP.¡KBHP'$M�KBO
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oikea(i) �;��
l 6= NULL

8hD �
avain[A[l]] < avain[A[i]]:Z��EBD

j
���

lE�� ! E
j
���

iEhD�� ;�� �;��
r 6= NULL

8hD��
avain[A[r]] < avain[A[j]]:Z��EBD

j
���

rEhD�� ;�� �;��
j 6= i

:Z��EBD
vaihda(i, j) �
heapify(j)EhD�� ;�� �

• _ TÅ,IKh'NMNHPT/g 0
vaihda(i, j)

�!0�,j'o+10!0
+10*)*Tt)*.!.¡Khu!0P,j.!.¡K1MNHPO

A[i]
M^0

A[j]
RJ, R-Q*TtT eP+

.¡HoRo.¡HPO!Q!Q*O5%

• � HP.!)*dÍRJ, Kh.!)�+^RJ) heapify(j)
� KB,NM50!0*O

Kh'NMNHPT/g KB,NM50�g�UJe�R	� �B; �WE Q²RJ,/T/gk)*.<0*TtTW0^0(.¡K�RJ.<03R�H
+LHP'$M5Q!Q�O n(cecpu
d)c h(dZt�'*%
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Tt, R-Qo+1Q!Q*O .¡HP.-K�KhOi+LHP.¡H�g Q*TtTWQ

.<0*T � K1MNHPO32¶% V %�# uPKB, R^+LK big1c h�cpt 52'Hcet�3
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���

koko+1 �
A[koko]
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t �

siftup(koko) �
� �^���!E�� " ��E

siftup(i :
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j
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pappa(i)
�

;��
j 6= NULL

8hD��
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vaihda(i, j) �
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• FG, Ho+<)"HP, RL+10
t1, . . . , tn

R¡0!0$M*0!0*O�.¡HP.¡K
R�H�)�d³0!0��P0�RL+-, ]
#�% � 0sd³0!0Ä+10sd�uPH�H�.<RJ,5RJ)*)*d�,ÿ.¡HP.¡K

A[1 . . . n]
0�MNKh.<0

KhO 0*Tt)*.JR<,5+�U*'NM^Q�%
2&% Y , R¡Q!Q�.¡HP.¡KBKBO�.s)*.s,jOÄ+-,IHJ+<) H
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%

O(n · log2(n))
0"Ro.¡HPT +10
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� 0!d¦0!0Ä+10!d�uPH"HP.JR<,5Ro)*)�d�,5+10*)�T/)*.!.¡K
A[1 . . . n] �

� Khu�, KB,�+-, HJ+<) H�Ho+ t1, . . . , tn
+10*)*Tt)*.!.¡KBKBO

A �
koko

���
n �

� � �
k
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n

��� � D :��
1

�&�
heapify(k)EhD�� � � � �

• � KB,LM*0!0*O�TI0"Ro.¡H 0�\�H!,¶,j'!0�O�'"H�Ttu�KPRL+-,Wm HJ+S+1Q
�!0�,/O
O(n)

0"RJ.¡HPT +10
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• � 0*T � K1MNHPO32¶% V %�# 0*Tt, Kh'NMNHPT/g 0!0
heapify(k)

H!,
+10sdY��, +^R1HV.!)o+^Ro)!010"MNK�R
vasen(k) = oikea(k) = NULL

%
/ ,/, R �S� � Q²RJ,/T/gk)*.<0*O
� KB,B0*T KB, +S+10!0&�!0"R^+10 0sd�� K�RL+10

k
��� ⌈

n
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⌉
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• / K�RJ.!)"R�KhO�u!QsQ"RL+1Q��PQ .<Q"R<,j.<RJ,¶g�Uoe�R&u )HcprHcpt
.¡H�K�R�R¡03KhT H���,/,/Oi+-,IHJ+<) H!, R<,/,/O

t
.!)�,/O��!0�,/O

u�, H�OP,jgku!Q!Q*O5%

• a 0*O*.<0*T/)�)*.JR<,Å0^]
P � H�.¡K HP,�KBT H .¡Kh.¡KhOs0!0*O M^Qsd MSHoR^+�U*.JR�HoR�R¡Q^0
MNKP+LHPOi+-, Ho+<)"H"HPO

t
HJ+^R<,jO�+1QkKhTt, RJ,À'P,LM50"R^+10�%

P FG, Ho+<)"H"HPO
t
,/O$M�HP.JR<,À.¡H"KPR�R¡0�g3)�)�+S+<)*)

.¡HP.-K$QSKhuPHPd³0s0�+-,IKB,NM�HPO g�UoeP+1Q�%

• Q d³Q"R U5.<RJ,/O*.¡H�d�+10�,/O HPO d³0�+<.<0�, Ro)1]
P I +^R�H +-,IHJ+<) H�HJ+

t
+10�T/T HJ+LHJ+10!0*O�.s,jO

.¡HP.-K!+10*)*T/)�.-KBOV)�,9�!g�5&)�g2, d;,9,edZ0"MNKhT/T KB,jO�O�,t,j'�,/O
u!Q!Q�R1H�HV.<Q"R<,j.JR<,â%

P � H�.¡KP+10�)*T/)*.¡KhO u!0�,/.!.<0!0*O
A[i]+10*TtT HJ+LHJ+10!0*O*.s,/OVuPH�Tt.!.<Q n(cpc bid�\�K�R1K�, +-,jOi+<g R�%jm

�!0"R^+10!0!�!0!0*O +-,IHJ+<) H�HoR1H�HPO
t
%

P FG, Ho+<)"H"HoR�H�H�O
t
Tt, R¡Q�+1Q!Q�O�)*)"R<,
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kahva[t]
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• � H�Oo+S+1Q kahva[t] =

���(A]� R�H .¡HP.¡KP+10*)*Tt)*.¡KhO
A

,jO$MPH�.<RJ,
j
0"MNK�RLR-0

+-,IHJ+<) H
t
+1Q*TtTWQ ' HJ+<.¡HPT/TIQ3KhO

:-8�;
NULL

0"MNK�R +-,IHJ+<) H
t
H!,5+1Q*T/TIQ ' HJ+<.-HPTtTWQ3KBT H

.¡H�K�R�R¡0�%

• ' )�, R^+-, R¡Q!Q*O�+Le ]
kahva[A[i]] ≡ i

• � 0*'!� K1M^0iU*T/TIQ*u�,NM�HJ+1Q!Q*O^0(.!)�O
P .!)�+^RJ)�+10!0�O 0*Tt, Kh'NMNHPT/g 0!0

vaihda(i, j)
]

�!0�,j'ZM�HJ+10!0*O g�Uoe�R .¡HPO�+S+-,IHPO
kahva[A[i]] = i

kahva[A[j]] = j
R<, R¡Q*T/T eP+G.¡HoRo.¡HPO!Q!Q*O5%

P .¡H�KhO
koko

gk)*)o+S+<)*)^]
�t; ! C!?BA ! E !�! C

kahva[A[koko]] = koko

� �À; ! :�� !�! 8
kahva[A[koko]] = NULL
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• � H�Oo+1Q*O kahva[t]
0!�*)*T/TI0
� KB,

� ;/EBD5EhD*:-C�C .¡HPO�+S+1Q!Q
avain[t]

]
siftup(kahva[t])

.<0*T � KB,/T +1032&% V %/2&%
!#"�" ��EBD*:-8�8 .¡H�Oo+S+1Q!Q

avain[t]
]

heapify(kahva[t])
.<0*T � KB,jT +10k2¶% V %�#*%

� �À; ! :-8�8 .¡Kh.¡KV+-,IHJ+<) H�HPO
t
.¡HoRo.¡HPT +1Q .-HP.¡K�0^]

delete(kahva[t])
.<0*T � KB,/T +10k2¶% V %�#*%
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� ��� ��� � ; �BEhD*:S?T	*C :-8 " � " A�A]�

��#m0qTt)*.!) #][¶%ÅnH�

• / K�RÄ.<0*T � K1MNHPO32¶% V %t2 Tt, R-Q-U*.JR�H�RLR¡Q
P KhO*. ,jO MNK

koko = M

P HPTt,*+10*)*Tt)*.!.¡K
A

KhO*.s,/ObMNKV+1Q-U*O*O!Q��

• � l���h�cpt
��d)o bkl�c h!bid%bkl$lHtkH�O�RJ,/O f(qst�l%lHu�c h�d h!b6c
�!0sd³0�+<)�Ok+10�)*T/)*.¡KhO�u�, +<)*)"R

M ≥ 0
]

	*8���8*:-8�8hD M!U*O!0!0*gi, R�HoRL+-,&)*)�RJ,
+10*)*Tt)*.!.¡K

B[1 . . .2 ·M ]

A]� � ;9�À; �h8�8hD �!0*O*'!0i+10*)�T/)*.!.¡K
A[1 . . . M ])*)$MPH�Oi+10*)�T/)*.¡KhO

B
0*Tt.!)*)*O

8 ! E*:¡E�:<8�8hD +10*)*Tt)*.¡KhO 0*T/.s) K�R�KB, +S+-,/gGHPOV)*)$M�HP.JR<,
0sdY� Kh.<RJ,

B
%

	*8 � 8 " :¡E�:<8�8hD +10*)*Tt)*.¡KhO 0*T/.s) K�R�KB, +S+-,/gGHPO
�!0*O*'!0�O 0sdY� KhO

A
K�R1K�, +S+10*g 0�M!U*O!0!0*gi, R�HoRL+-,

�!0sd³0�+S+<) gk)�, RL+-,­%
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• � ��h�c b b^'�cptHd)t�u�,/O K%QNKhu�HPd¦0!0�+-, K � KB,�R<,jT/T KB,jO
'�,NM50"R^+<)!0

O(M)
0"Ro.¡HPT H�HoR�H"HPO

.

• � g2��g�gmr j(d;,eu&lHt3RJ) K5d�, +<)*.JR�HoR�R¡0�O!Q*.<U�U
'�,NM50"R^+<)"RL+10
�!0�,/O

O(1)
0�Ro.¡HPT +10%T�u�,jO K$QSKhuPHPd³0s0�+-,IK

.¡K�RJ.J0 MNKh.<0�,/O HPO�'P,LM50"R^+<)*O*)o+ KhuPHPd³0s0�+-,IK +LH�.¡H�H
+�UoehO^0"MNKh.<0�'oUoeFM!U�+S+1Q!Q�.<0�,/.!.s,Å0iR�HPO MLQ�T/.¡H�H�O
+LHP'�+1Q!��,ÅQkKhuPH�d¦0!0�+-, KB, +105%

• � , R¡0�+LHP'�+1Q!��, RLR-QkH!,5U*T H�HPO"R¡Qi+10sd��*, +^R1H�, qsrHd)t^b^'�'
+10*)*Tt)*.!.¡K�0^0F�!0�,j.!.<0iR�H 0*Tt.<0�, R<,j.s,/OÄ+�U*'NMNHPO�+�U"Q�%
/ K�R +10sdY��, +^R�H�Hm0(O�,/,/O3R<,jTtT KB,/O�.JQsQ*O�+LH!,jO HPO
uPH�d�,Å0s0�+LHm]&F@0*)*Tt)*.!.¡KY5�)�g2,pc bid$bkl%lHt��!0"R^+10 .!)*OkR1H
KhO HPO!QsQ 1

4

b^' qstmtT'*%

• / 0*g 0!0 ,LM�H 0!0&� KB,À.<Q<U�+S+1Q!Q gk)�, R�R¡0*.s,/O
+10*)*Tt)*.!.¡KhuPKh'NM^0�, RJ, R�R¡0i+-, Ho+LK5d¦0*.¡HPO�+LH!, RLR-0�%
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• 2 'NMNHPT/g KB,/O�+-,j.s, HPT +LHPO&�!0*. ,IKh.s,/dIM^0"R^+LKB, R�R¡0kKhO�)"R�HP,/O
M^QsdIMNHoRL+1Q�gk, R-0�TIr�K5d�, +<g H�ML0��!0*Ttgk,t,jO!01]
��ÖâØ�Ý����������¦Þ�Ò����£Ö��¡ß Ñ
�
� ×¦Ö����³ÞÍ×fÚÍÒ � � ×³Ö��"!���Ü£Þ��$#�Þ¦Ö�%&��'�ÒçØfÛ(�¥Û&� #hÞ£Ö�%���'ÍÒ Þ¦Ö�%&�$#ÖâØ¦Ò)��!£ÝÍ×|Û£Ó�ÜfÚ�*+�jÝf×�Ø�Þ�Ò � ×³Ö��,!-#BÝf×|Ø�Þ�Ò � ×¦Ö��,!&*�*+.

R ,/, +1Q�.<0*O*Os0�+S+10!0V.JQ-U�+S+1Q!Q��

• F_)o+<)"RL+<)o+10!0*O�gk)*)o+10*g 0!0*OVu�HPd�)"R-0�TIr�K5d�, +<gi,/,/O
R<,jT +1Q
�!0sd³0�T +10kHJ+S+1Q .s, R¡0�+LHP'�+1Q!�!Q"RLR¡QkKhO
'�UJe M!U*TtTt, R^+1Q
P .<Q-U"+S+1QsQ
P gk) Kh.<0�+10
M1)*)*d�,5+-,IHJ+S+�U"Q 0�TIr�K5d�, +<gi,Å0��t[ 0qT/)�.!)knH�N%

• 2 T/.¡K�KhO M^Q!d MNHoRL+LHJ+S+1Q!�!Q30�,jO H!, RL+LK +10*)*T/)�.!.¡KhO!0
A[0 . . . N − 1].

• � Q<U�+LHJ+1Q!Q*O 0�Tt,IKB'NMNH�Ttg 0!0
vaihda(i, j).<0*T � KB,/T +10k2¶% V %�#*%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñNÇ

ò Î£�f� �²Îf���I¤ Ê � �f� Ê �������f¤|��Ì �B� Ë ñ�� �
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• Q RJ, +LH�TtTWQ!Q�O32VU*.JRJ,/O*.¡HPdÍ+10�, RL+10
M^QsdIMNHoRL+1Q�gk, Rog HPO HJ+LHPT/g Q!Q1]

P �!0*Tt,/O�+10NM^QsdIMNHoR^+1Q*gi,jO HPOV\L.<0*T � KB,/T/TW0 V %�#*%�# m
P R<, MNKB, +<)�RfM^QsdIMNHoR^+1Q*gi,jO HPO \L.J0�T � KB,jTtTW0 V %�#*%t2�m

• R H&��,IH��!Q�+
O(N2)

0"Ro.¡HPT +10
.

� 0*T � KB,/T/TW0 V %t2�HoRJ, +LHPT/TWQsQ*O O�,/, +1Q�O KBu�H 0*gku�,
g HPO HJ+LH�Ttg Q�%

• R Q�,jTtTWQ�g HPO HJ+LHPT/gi,jTtTWQ KhO�.!)�, +LHPO*. ,jO gk)�, +10V'�U!��,ÅQ
u�,t,jd�+LHP, +1Q�%
Q RJ,/gGHPd�.s,j.<RJ,&O HiK��!0�+Sn l���lHc bkl \�R^+10*l*T Hsm�]hU*'�+1Q
RJ)*)*d�+LH�OkRLUJeP+LHJ+-,IHJ+<) H!,LM�HPO .-HoRJ.s,jOsQ�,jO HPO_MLQsd MNH�R^+�U R
u-U"RLU�U3R-0�gÄ0�O!0�%
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• ' KhT HPgkg 0�+ g HPO HJ+LHPT/g Q�+�.JQ-U�+S+1Q!�!Q�+ R1HP)*d¦0!0!�!0!0
uPH�d�)"R<,LM�H 0!01]

P F@0�)*T/)*.¡KhO 0*Tt.!) K�R¡0

A[0 . . . i− 1]

KhO MNK�MLQsd MNH�R^+�U5.<R1HoRLR-Q�%
P F@0�)*T/)*.¡KhO�T Khu*u*) KPR-0

A[i . . . N − 1]

.¡KBKPRL+<)*)�O�,t, R^+1Qi+-, Ho+<)"HP, RL+1010�MSK!+<.J0Ä+1Q-U"+�U�U
��,IHPTWQ_M^Qsd MSHoR^+1Q!Q�%

P / Kh.<0kR<,jTtgk)*.!.<0*.s, H�d�dfKh.JR�H�TtTW0VT Khu*u*)"K�R-0�RL+10
�!0*Tt, +10!0*O_MNKh.s,/Oi+-, Ho+<)"H

A[j]
MNKh.<0
��,IH)M5QsQ*O3KB,/.¡Hs0�T/T HVus0�,j.<0*TtT H�HPO
0*Tt.!) K�R¡0!0*O�%

P R Q�,jO 0*T/.!)"K�R-0�.<0"R �!0!0
i 7→ i + 1

M^0�T Khu*u*) KPR-0�T U*' HPO H�H U5'ZM�HPT/TWQi+-, Ho+<)"H"HPTtTW0�%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñ²Æ

ò Î£�f� �²Îf���I¤ Ê � �f� Ê �������f¤|��Ì �B� Ë ñ�� �

• Q RJ,/gGHPd�.!.s,&'�UJe M!U*TtTt, R�HoRL+1Qi+10!�!0"R^+10&�!0sd�gi, R^+<)!0
R<,jT/gk)*.<0*OkKB,j.¡H�HPT/TÅ, RJ)*)$M�HoR^+10 cetsn lZoicLlHt^b6c�,9, l23

P / KhTtTW0*.s,/O�\�KhT H�H�TtTt, R1HPT/TI0!m5�PQP, +S+LH�HPT/TWQ
φ
0 MNKhO�.J0

R<,jT/gk)*.s.J0 +LKP+LHP)�+S+10!05%
P açUoeFM!U*T/Tt, RJ,WQ�g�UoePRÄgk)�, RL+-, R-QsQ*O�+LeB,/O!Q��
��#m0qTt)*.!)32¶%�#��

• R U"+ φ
KhOi+10*)*T/)�.-KBObM^0*.¡K�0*T/.!)�Q(M^0 T Khu*u�) K�R¡0!0*O�%

• / ,jTtgk)*.<0*O
8�� "2!�! 8

φ
KBOk+LKP+S+10 0*Tt)"RL+<)�.JR1HPO
�*) Kh.JR<,â%

R U"+ .-KPRo.<0 0*T/)�RL+LHJ+10!0*O
i = 0

%
8�;|A"8hD�8

φ
u�,LM�HJ+1Q!Q�Oi+LKP+LHPO!0 .s,jd MNKB, +S+10*g 0*TtTW0

R<,jT/gk)*.<0*O d�)*O*.¡K�R�HPO�g3)�.J0P, R�H�R^+-,â%
R U"+ .-KPRo.<0

A[j]
.<Q"R<, +LHPT/TIQ!Q*OiR�Khu�, �!0"R^+-,

HPO*O HPO�.!)�,/O
i
.<0"R �P0s0�%

�-� ��"2!�! 8
φ
KBOkU*'!Qi+LKP+S+1010(.!)*O�T Khu�u*) HP'�+LK

TW0�)*.¡Hs0s0�%
R U"+ T Khu*u�) HP'�+LK�KhO

i = N
0�M^0kR<,/, R .-KB.-K

R^UoeP+LHJ+10*)*Tt)*.!.¡K
A

KBO3R-0s0�+<)�TI0NM�, +LHPT +<)!05%
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• 4 l�,pcet^bkl�j7'Zo j(d h!b^'Hu�cptHd)t�\�R1HPT HZK<+-, KhOkR1K5d�+1m
�/6 0
T/)�.!) V %�#��
	*8��/;Å: ! E5E T KBu*u*) K�R¡0*O�5^ced)tmcpu�u('Hti+-, HJ+<) H�H�O
! ;­; ��:-C�C R�H�O 0*Tt.!) K�R¡0*O 5 dZo '�'Ht*%

• � c�n�l�cprmf�l b*)Hokr�l%lHtk+-, Ho+<)"HP, +10 .¡H�RJ.¡HPO!Q!Q*O�%

• / K�R RJ, R-Q�RJ,/T/gk)*.!.<0!0 +LHP' K�R^+LHo+10s0*O�.<0*T �sK�MSHPOk2¶% V.¡HP.-K!+-,IHJ+LK5d³0*.¡HPO�+LH�HPT/TI0^0(OP,/,jOkR¡0!0$M50s0*O�O KBu�H 0
��d#�!g j�'Zo j(d�h!b^'Hu�cpt�dZt�\L' H 0*u"R�K�d�+1m&��#m0qT/)*.s) 6h%tn �
6 0&R<, �*)�+ 2*2 V �B2�2�nH�N%
F KPRJ,/O��!0*.<0*)"R g H�O"Ho+LHJ+1Q!Q�O�%
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• � c j(g1c b*)!h;j�'Zo j(d�h!b^'Hu�cpt�dZt�\^,jO"R�HPdÍ+-, KhOkR1K5d�+1m
��#H0
T/)�.!)32¶%�#iR1HP.<Q�.s)!�!0�+ 2¶%�#_M^032&%/2 �ÿ6 0 Tt)*.!) R&%�#��
	*8��/;Å: ! E5E T KBu*u*) K�R¡0*O�d)t)h�cpu�u('Hc h�d)ti+-, Ho+<)"H"HPO
! ;­; ��:-C�C R�H�O 0*Tt.!) K�R¡0*OkR�Khu�, �!0!0�O n�'�,ecpcet5%

• � c�n�lT,pc b[h(dSb*)Hoir%l%lHtk+-,IHJ+<) H!, +10�%

• F HP' KB.J0�R)0"MNK�R
A

KBO u
d#,���d)cpt M^QsdIMNHoRL+�U*.JR�H�RLR¡Q�%
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i
���

0
:��

N − 1
���

j
���

i �� ��; �ÅE
j > 0

8&D��
A[j] < A[j − 1]

�&�
vaihda(j, j − 1) �
j
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j − 1EBD�� � ��; �ÅE
EhD�� � � � �
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• � c���l�j7'Zo j�d h!b^'Hu�cptHd)t�\�
B)�,NK!.JR1K5d�+1m
��#m0(T/)*.!) [¶%�#��
6 0qT/)�.!)knÀ%t2�� KhO���' q b^'�tmt�8Zh h�'�bid)rHg2�6��l�cpt ML0
q�,ed)c h�cptbM^Q!d MNHoRL+1Q*gi, Rog HPO HJ+LHPT/g Q5%

• / H&��, H
:^?P? � ; � �t; ! E ! :<;

O(N · log2(N))
0�Ro.¡HPT +10

MNKh.<03KhO 51lZo�l!h&u&lHrmf�g2,�,ecptHd)t��
� 8��B; $Y$�; � �t8�8hD

O(N2)
0"Ro.¡HPT +10

.

• Q RJ,/gGHPd�.s,j.<RJ,&.<0*T � KB,/T/TI0 V %�#*%�# gÄ0P,jO�, +S+<)
.¡HP.-K�MLQsd MNH�R^+1Q*gi,jO"H�O\��,IHVu!0*'�,/g3gi,/T/TW0s0*O*.s,/O\�!0�,jO

O(N · log2(N))
0"RJ.-HPT +10

gk)�+S+10kKhO�.<Q-U�+1Q*O*O ePR�R¡Q
P '�, +10!0*gku�,
P �!0�,j.¡H 0*gku�,5Kh'NMNHPT/g KB,NM50�%
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• X ,j.<0NM^Qsd MSHoR^+1Q*gi,jO HPOÄR¡0!0$M*0!0*O�.<0*T � K1MNH�O�#"4&%�#
'!0NMNKB, +10 M^0�'s0*T/TÅ, +^R�H�Q¡uPHPd�,W0!0�+S+LH�HPT/TW05%

• / Uoe!+LHo+10�)*T/)*.¡KhO A[p . . . r]
M^0*.¡K�K�R<,/,/O^]

P � 0�,j'ZM�HPT/TW0s0*OkR�HPOV0�T/.s, KB, +10 .¡HoRo.¡HPO!Q!Q�O
P .!)*O�O HoR�KhO3KhT HPg 0"RLR-0iR�HPT/TI0�,jO HPO

,jOZM�HP.JRJ,
p ≤ q ≤ r

MNKhT/TI0�u!Q�+LH�Hm]
P 0*Tt.!) K�R¡0*O

A[p . . . q − 1]
0�T/.s, KP+ K��!0�+

��g%oS��d)cpt^bkl$lHtkU*'�+1QiRo)�)*d�,W0�.!)�,jO j�l���g��>HPTt,
t�l65ml�� lT,��%c gp\Lu�, � KP+1m

A[q]

P T KBu*u*) K�R¡0*O
A[q + 1 . . . r]

0�T/.s, KP+ K��!0�+
n�'Hrmcet^b^'�'HtiU*'�+1QkRJ)*)*d�,Å0�.!)�,/O

A[q]
%

/ , +S+LHPO TW0NM�, +LHPTtTW0!0*O dfHP.!)*dÍRJ,t, ��, R�HoRL+-,B0*Tt.!)�QçM^0
T KBu*u*) K�R¡0�%

• � HP.!)*dÍRJ, K�HP,5+10sd���, +^R�H M^Q*Tt.s,j.<Q"R<, +S+LHPT U�Q^]
P A[q]

KhO MNK�K�,j.¡H 0*T/TI0�u!0�,/.<0*T/TI0!0*O
P 0*Tt.!) K�R¡0 M^QsdIMNHoR^+�U�U u!0�,j.<0*TtTW0!0�O^0hR-0�gGK�,jO

T KBu*u*) K�R¡0�%
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Ã<� Î Ê þ¥Ë�� þâ�£�¥¤�Ë²�B� ����� ñ�� Æ
� �^���!E�� " ��E

quicksort(p, r :
;âD��BE&A ! ;

);��
p < r

:]�5EBD
q
���

partition(A, p, r) �
quicksort(A, p, q − 1) �
quicksort(A, q + 1, r)EhD�� ;�� �

� " D �s:J;9�çD
partition(p, r :

;¥D��BE&A ! ;
):

;âD �BEhA ! ;
��� � 0*TÅ, +^R�H MNKhT/TI0*.s,jOiRL+<d¦0�+LH"r�,W0*T/TI0_MSKB.s,jO

0�T/.s, KB, R^+10
A[p . . . r]

ML0�.-K50*T/.s, Kh.JR<,
x �

��� � 0�,/'�+LHPT H30*Tt.s,IK�, +10
A[p . . . r]

RJ, +LHPO^0¶HJ+S+1Q M^0 KBT +10
�!0!0ZM�, +<)�+ H�'ZM�KP+b+<)*T H��!0�+5� KB,jg 0!0*O �

��� ��E�: " �SD R�HV,/O$M�HP.JR<,
q
MNKh' KhO�d�, �*,/T/TIQ�#&�!0*Tt, +S+<)

M^0*.¡K�0�T/.s, K
x
u!Q!Q�+�U�,Àd�, ��,/O 2 �!0�,/'�+LK1MNHPO

R�HP)*d¦0*)*.JR�HPO!0 �

• � , ��,/T/TWQ�#V.J0�O*O!0�+S+10�, RJ,m�!0*Tt, +10iR1HPTtTW0�,/O HPO
xMNKhO*.<0

q
KhO�g 0*'ZM�KhT/TÅ, R<,jgkg 0*O���d hZ��d#,�,-'

+10*)*Tt)*.!.¡K�0
A[p . . . r]

%

• ' )�+S+10kR�H u�, +1Q�, R<,*+LH�'ZM5Q3KhT H�HPT/TÅ, R�H�R^+-,*U5'ZM�HPT/TWQ
u-U�U5'�.JQP, R^U5TtTWQ^0&HPTt,

O(r − p)
0�Ro.¡HPT H�HoR�R¡0

.
\1# m

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ôSÇ

�s� ����� �¥¤¥���ÿÐ Ê � ¤f� ¤Í� �^� �¦¤Í� ñ�� Æ�� �

� � � ��� � ;âD�E�; ! :��çD � 82��:J;Å:<;��À;âD5:<;

��#m0q.!)��P0o+N[&%Í# �&[¶% V �

• � H�'P, +LHJ+1Q!Q*OkH�d¦Q"R R�H�TtTW0�,/O HPO
`S)*O�.<+-,IK

partition(A, p, r)
MSKB.J0Ä+LKP+LHP)�+S+10!0

U*'�+1Q*T ehO�\1# mJ%

• /!0 HJ+10!0*OiRLUJeP+LH
A[p . . . r]

n�K�R¡0!0*O^]
#�% 2 R¡0*O

A[p . . . i]
0*T/. ,IKP+ K%�P0o+ ≤ x

%
2&% 2 R¡0*O

A[i + 1 . . . j − 1]
0*Tt.s,IK!+ K%�P0o+

> x
%

V % 2 R¡0*O
A[j . . . r − 1]

0*Tt.s,IKB, +10kH!,�KhT H\�*, HPTWQ
.<Q"R<, +LHPT +�Uo%

n¶% 2 R¡0
A[r] = x

KhO ML0�.-K50*T/.s, K¶% / HiH!,Àgk)*)�+<)�%

• F Q*g Qin�QâM^0*.¡K�KhT/.¡K�KhOkRJ,/T/gk)*.!.<0�,/O!�!0!d�,Å0�O�+S+-,â%

• / Kh.<0�. ,IHPd�dfKh.JR�HPT/TI0 .<Q"R<, +LHPT/TIQ!Q*OiKPR-0*O V R�HP)*d³0s0!�!0
0*Tt.s,IK

A[j]
K�R¡0!0*O # +10�,�2¶%
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�s� ����� �¥¤¥���ÿÐ Ê � ¤f� ¤Í� �^� �¦¤Í� ñ�� Æ�� �
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�s� ����� �¥¤¥���ÿÐ Ê � ¤f� ¤Í� �^� �¦¤Í� ñ�� Æ�� �
� " D �s:J;9�çD

partition(p, r :
;¥D��BE&A ! ;

):
;âD �BEhA ! ;

���
x

���
A[r] �

���
i
���

p− 1 �
��� �S� � 8 � �

j
���

p
:��

r − 1
�&�

� � ; �
A[j] ≤ x

:Z�5EhD
� �

i
���

i + 1 �
���

vaihda(i, j)
	 � EBD���; �

�� EBD�� � � � �
���

vaihda(i + 1, r) �
�
��� ��E�: " �SD

i + 1 �

• � KB, +10P, R<,/,jO�u!0sd¦0*O�+10!0_M^0*.¡K�0*T/. ,IKhO
x�!0*Tt,/O�+10"R^+<d³0o+LH r�,Å0!0^]

� ;­; $ E�; ! EhD 	*8 �t;âD5:-8 KhO�'*) KhO K RL+<d¦0�+LH"r�,Å01]
/ K�R

A
KhO MNK �!0*Ttgi,/,j.<RJ,&TW0²M1, +LHPT +<)��

�*8&A]�À8��­A�;9� �t8�; �h8 !�! 8 KhO�'oU)�!QkKh'NMNHPT/g KB,jO�O�, RLR-01]
/ HiH!,�KhT HVgk)�,NM�HPO 0*T/.s, KB,LMPH�OiRJ,t,jd�+LHPT U"R�R¡Q
+-,IHPTtTWQ�%

� ?T	*C ! :Z��8*:¡E��&;/8 � KB,h0*T KB, +S+10!0\�!0�,j'o+10*g 0*T/TI0
�!0*Tt, +^R1HPg 0*O"R¡0Vu!0sd£HPgkg 0*O M^0*.¡K�0*Tt.s,IKhO
+10*)*Tt)*.¡KhO�TI0�, +10s0*O�%
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�s� ����� �¥¤¥���ÿÐ Ê � ¤f� ¤Í� �^� �¦¤Í� ñ�� Æ�� �

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ô²ô

�s� ����� �¥¤¥���ÿÐ Ê � ¤f� ¤Í� �^� �¦¤Í� ñ�� Æ�� �

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ôNó

ö Ë�� þ­�¦�¥¤�Ë²�B� ����� Ê Ì î��S�/� ¤f�B� �B�N� Ê � Ê ñ�� ñ
� 4�� � BDI G#? EHGTB <9@ F0? F B 8�� M I�@;Gs<9@ F M E1B F=B

• F HP' KB.J0�RcM^Q!d MNHoRL+1Q*gi,/O HPOkKhO�)"R1H!,/O
.<Q-U"+S+LeB.-HPTtu�KB,/O HPO l�,eceg1r�j�d#,eu
l�t�l*%

• Q RJ,/gGHPd�.s,j.<RJ,1h6q�8sb bid!d)tbM^Q!d MNHoRL+1Q*gi,/O HPO
HJ+<)*.<Q�+LH�HPO�' HPT/uPKP+S+10!0 )"R�HP,/O�T Khu*u�)�+�UJeP+1Q�%

• Q RJ,/gGHPd�.!.s,&.<0*T � K1MNHPO #o2 TW0"RJ.¡HPO*O!0*TtTt, R�HoRL+10
r�H�Khg HJ+<d�,W0"R^+10^]
P / Uoe!+S+LH"HPO!Q uP, R^+LH"HJ+

p1, p2, p3, . . . , pn.¡KBK5d[M�,jOs0!0�+-, R^+LK�RLR-0 .¡Kh.¡KhO!0�, RoTt)*.!)*u!0sdfH!,jO!0
pi = 〈pi.x, pi.y〉 ∈ Z× Z

%
P 2 �!0�+<.¡K gi, +<.<Q!Q*OV.<0*.JR<,Àu�, RL+LHJ+S+1QiR-0*g 0*TtTW0

K5d�,Ir�KhO 〈0,0〉 .J0�)�+S+10 .!)*Tt.-H��!0*TtTW0iRJ) K5d³0*TtTW0��
P 2 T HJ+LHJ+10!0*OiHJ+S+1Q MNKh.<0�,/O HPO

xi 6= 0
%

• ' )�, +10kH�R<,jg HPd�.!.¡H²M^Q^]ÿ.J0�T � K1MNHPO #"4&%t2¶%/6V+LHP'�+1Q!�!Q^0
]_d¦0*'!0*gi,/O u<U�U*'*.<Q�, RLU�.J0�T � KB,jTtTW0�#�2&%/2 0 M^0*O K1MNHPO
T H!,/.!.<0!0*gi,jO HPOV.<0*T � KB,/T +10 #o2¶%ÅnÀ%t2 0�% %�%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ôSý
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ö Ë�� þ­�¦�¥¤�Ë²�B� ����� Ê Ì î��S�/� ¤f�B� �B�N� Ê � Ê ñ�� ñ

• 2 d�,Wr�KhO ML0 u�, R^+LH�HPO
p
.<0*)�+S+10 .s)*T/.¡H��!0*OkRJ) K5d³0�O

U*'�+1Q*T e�KBO
y = kulmakerroin(p) · x

gi, RLR-Q
kulmakerroin(p) =

p.y

p.xMNKP+LHPO�u�, R^+LH�Ho+
pi

M^0
pj

K��!0�+ R¡0*g 0*T/TI0kK5d�,Wr�KBO
.<0*)�+S+10 .!)*T/.¡H��!0*T/TI0iRo)"K�d¦0*TtTW0i+1Q�Rog Q*TtT H�HPO .!)*O

kulmakerroin(pi) = kulmakerroin(pj).

• 2 Osr�HPTtgÄ0iR¡0!0kR<,/, R g3)"K M�KBO^]
�²F KB, RL+<)*)�.-K T/)!�*)�, R�R¡0

K = kulmakerroin(p1),

kulmakerroin(p2),

kulmakerroin(p3),%%%
kulmakerroin(pn)gi,j.<Q!Q*O 0sd�� K �]�

' )*)*O*O KPR �*, H
O(n)

0"RJ.¡H�T +10�%
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ôNð

ö Ë�� þ­�¦�¥¤�Ë²�B� ����� Ê Ì î��S�/� ¤f�B� �B�N� Ê � Ê ñ�� ñ
� E�� "2! $ EhD5E�:¡E�� $�C +LHP.¡H�H MNKh.<0�, R1HPTtT HVT/)��5)�T/T H

� HPdÍ+10�,/T/)�+
kulmakerroin(pi)

� R
kulmakerroin(pi+1),

kulmakerroin(pi+2),

kulmakerroin(pi+3),%%%
kulmakerroin(pn)R�H�O MLQ�T/.¡H!, R<,/,jO Tt)*.!)�,/'�,jO5%

� , H
O(n2)

0"RJ.¡H�T +10�%

= � � E58�$ � ;D$ EhD5E�:¡E�� $�C KhO^]
#�% Q O"RJ,/O�TW0NM�, +S+LHPT HV\LO KhuPH 0"RL+-,WmGT/)!�*)�+

K
%

2&% / , +S+LHPO .<0�+^R�KV+LKB, R^+<)*)*.¡K TW0NM�, +LH�TtT/)�, R�R¡0
T/)��5)P, RLR-0kR¡0*g 0 0sd��sK�2 .¡HPdÍ+10!0 uPHPd³Q�.!.<Q�,jO�%

� , H&�!0�,jO
O(n · log(n) + n) = O(n · log(n))

0"RJ.¡H�T +10�%
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ôSï

ö Ë�� þ­�¦�¥¤�Ë²�B� ����� Ê Ì î��S�/� ¤f�B� �B�N� Ê � Ê ñ�� ñ

• � 0�+<.<0�, Ro)"RLR¡03KhO���, H�TIQkKhOsr�HPTtgÄ01]

kulmakerroin(pi) ∈ Q

MNKP+LHPO3HP,/.¡e
Z
Q^0sd�, +<g Ho+-,t,j.!.<0 d�,/, +1Q�.JQsQ*O��

• � ,jd MSK�, +LHJ+10!0*O 0*)�.s,h0�TIr�K5d�, +<gi,jOÄ+LH�R^+-,
kulmakerroin(p) ≤ kulmakerroin(q)

p.y

p.x
≤ q.y

q.xMNK�R^+10�d�, R^+-,/,/O�.¡HPdÍ+LKBgÄ0�T/TW0ÄR¡0!0$M50!0�O






p.y · q.x ≤ p.x · q.y
.!)*O

p.x · q.x > 0

p.y · q.x ≥ p.x · q.y
.!)*O

p.x · q.x < 0
MNKh.<03KhO

Z
QL0sd�, +<g HJ+-,/,j.s.J0s0�%

• /!QsdIMNHoR^+1Q!QkR¡0!0�u�cet
��' bklHr�lHt)h�l
j7'Zo j(d h)b q%h o d;,Ll%l1b6c g1t3RJ)*'�+LH�HPO�%
/!QsdIMNHoR^+LHo+1QsQ*OiRJ,t, R +1Q�gÄQ�O d£HPTW0s0�+-,IKhOiRo)�'�+LH�H�O5%

• F Q*TtTW0�, R1HPO
�*) Kh.JR<,m�P0�T/gi,/, +G. ,jd ML0�RL+LK5d�)�+-,/,/O�, +
M^QsdIMNHoRL+1Q�gk, R1H�HPOV)"R1H!,/O KP+S+10!�!0�+<.s,/O .<Q-U�+LHJ+S+1Q!�!Q*O
� HPdÍ+10�,/T/)*d�)�+-,t,jO�,/O�u!0sd¦0*g Ho+<d�,jOs0�%
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� � � �[
 � ��
 � � 
A	 � 
 	

�t[ 0qTt)*.!) R%�

• � , R¡0�+LHP'�+1Q!�!Q"RLR-QiR¡0!0�+S+10!0_MNKh)o+<)!0�,Ll!hZ��d)u&l%lHt
r(q n(cpt�hZ)
)Hokc�,�,Ll��!g
�!gmt�lHc h�, )1nZ)�c�,�,Ll*%

• R Q*g Q T/)!�*)�+ � KB, �!0�+ KBT/TW0kR¡0�+LK1MNHPO�\jMNKhu!0
+<)*'!0�O"RJ, HPO��­m O*)*g HPdfKhg H�d�.!.s, HPO u�, +<)�, R<,Å05%

• / ,jTtT KB,/O3HP,1� KB,/.<0!0*O�.<Q-U�+S+1Q!Q&�!0*T/gi,t, +10
.¡Kh.¡KhO!0�, RoTt)*.!)�+�U�U*u*u�H�M^Q^0�MSK�, RLR-0 bkl�,�, d%bid$b b*)�j(d)t
1mc b b6ced)t+, )��T)�u '6'$o 'iKBO
P .s,t,jO�+LH Q

P u�, H�OP,â%
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�!�/� ¤f���f¤Í� � Î Ê �¥¤ Ê ô

• � , R¡0*.<Q<U�+Le�RLR¡QiU*T H!, R<,jOiU*'$M�, RL+LHPTtgÄQkKBO
A"C�ChD5:-C���ChD�C Kh'NMNHPT/g KB,/O�+-,j. ,IHPTt,/T/T H U�M^0�U����

b6rHd������
	 g1u 5sc9,ed)o�	 g2,9,ed
�Zb6ceg1t HPTt, ""�J�
\ ��xJx ������� ""�J�Bz "-{(+çz  ���"!� m

A�E ! A "2! ?BA ! ;|A5A��(D�C I O�+LHPT X HPO�+-,j)*g Q1uPH�d�' H�HPO
usd£KPR1HoRLR1K5d�,â%

• F Q"RLR¡QkU*'$M�, R^+LH�Ttg Q"R�R¡QkKhOi+10sdIMNKhTtTW0

����������� ��� ��� � ���������! #"$�&%('
)+*(,�-/.10+23. �
�

+ 32 7670+2�. � �
+ 2 147 483 6474 ,52�670+2�. � �
+ 2 147 483 6474 ,52�6 4 ,52�680+2�. � �

+ 9 223 372 036 854 775 807

• X ,IHPO�,/O 0!d�� K�KhO

−(1 +
Ro)�)*d�,/O 0!d�� K

).

• FcU�U*u*u�, �� 1{!" �( 1{�"�y^{�x H!,À.!)P, +LHPO*.<0!0*OkKhT H
_PR / I Q²RL+10*OZM50sd M�,/O�g3)�.J0P,jO HPO^0�MNKP+LHPOkR1HPO�.<Q-U"+S+Le
� KB,h0�,/' HP)�+S+10!0 .<Q!Q*O*O"e�R-0P,j.<0�, R�HPO
�!0sd£K�, +<)*.JR�HPO�%
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• 2 O�g�Uoe�R��!0*T/gi,t, +10Vgk, HPTt, �!0*T +10�, R�HPO
TW0�Ro.¡HPO�+10�+10sd�.!.!)*)$MPH�O . ,jd ML0�RL+LK1M^0�%

• Q d�, +�U�, R�HPOiU5T H!,jO HPO3KBO9�����;: )�, b6c-5Hokd
�!c h�cegmt
< c�1$o�l$o;q HPTt, "¡v��
\ ��xJx �������,�(���ÿz "-{(+çz  ���"!���  <�<x��"w��"���,"¡v��$�Lv w1{�+ wJ��� mJ%

• R Q*g Q .s,jd M^0"RL+LK!+ H!, �!Q�+ .!)�, +LH�O�.J0s0*O�.!)�)*T/)
.s, R1KB, R�R¡0�.<Q<U�+LHJ+S+1Q!��,IHPOiKh'NMNHPT/g KB,/O�+-,j.s, HPT +LHPO
R^+10*O$M50sd[M�,j.s,/dIM^0"R^+LKB,/'�,jO�%

• R ,/,jO�u!Q3RJ)*)*d�+LH�O�.¡Kh.¡KhO!0P, RJT/)*.!)²MSHPO�.<Q"R<, +S+LHPT U*O
MNKh)�+<)*)�)"R1H!,/g3gi, +LH�OiKh'NMNHPT/g KB,/g 0!0*O , +^R�H5%
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�L� á²Î�á²Ì á¦¢Ná�� �¥¤ Ê ô1� �

= 463 > @ L�K L 8OLDC0LA@CEHGHB

• Y ,j)*.s)*T/)!�*)�+�d)c;n�'1b l�)1bkl23

P � 0�,j.s.J0iRJ)*)*d�,jO�Tt,j)�.!)*T/)�.!)
�sK�,j.s,/O3KhTtTW0
HoRJ,/g H�d�.s,/.JRJ,

1.79769313486 × 10308
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��� M^0*.¡KhTI0"RJ.!)*O a

b

M^0*.¡K1M^Q!Q*O*O"e�R ���E*: " �SD
syt(b, r)EhD�� ;�� �

• / HkKBO�O"Khu�H 0^]
O(log2 b)dfH�.s)*dfR<,IKB.!)�+^RJ)!0�%

/ Khu�,t,ÿg�UoePRÄ.<0*T � K1MNH�Oin u�, +<.s,/T/T HVT/)!�*)�,/T/T H2�
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê �²ó



�<áNÎ�Ì ��� ä²�³��� Ê Ì î��S�/� ¤f�B� ó�� ñ

• Q )*.!T H!,NM�H�H�O 0*T r�K5d�, +<gi,m� KB,5+<) KP+S+10!0 TÅ, R¡Q*.JR<,
R�H�TtTW0�, R1HJ+G.¡Kh.¡KhOs0�, RJT/)!�*)�+

x
M^0

y
0"MNKB,jTtTW0 u!Q�+LH�H

a · x + b · y = syt(a, b).Y )*.!)!0
x
+10sd���, +10!0*O .<0*T � K1MNH�OSR&%ÅnÀ% VM^0*.¡KhTW0�Ro.!)�R�R¡0�'!0�T/)�+<)*O M^0*.¡K1M^Q!Q*O�O eh.JR�HPO

RJ)*'�+LH�HPO�%
\ Y )*.!)!0

y
+10sdY��, +10!0*O T/)��5)�O

x
TW0"RJ.¡H�gi, R1H�HPO�%jm

• Q )*.!T H!,NM�H�H�O 0*T r�K5d�, +<gi,jO_MNKh'$M�KBO�u�HPd�)"R^+LH"HPTtTW0
syt(a, b) = syt(b, r)gi, RLR-Q

r
KhO M^0*.¡KhTI0"Ro.s)*O a

b

M^0*.¡K1M^Q!Q*O*O ePR"% / H\�sK�,
+<) KP+S+10s0 ,jOZMB)*.<+-,t, ��, R�HoRL+-,À\�HPTt,ÀdfH�.s)*dfR<,/, ��, R�H�R^+-,Åm
g�Uoe�R T/)!�*)�+

x′
M^0

y′
MNKB,/T/TI0

= b · x′+ r · y′.F K�, R¡0!0*T +10
r = a− b · sgi, RLR-Q
s =

.<U"R1H!, R1HPO M^0*.¡KhTI0"RJ.!)*O3KPR-0*g Q!Qsd¦Q�%
R Q�,LM�HPOk+-, HJ+LK1MNH�O_M^Qsd MSHoR^+LHPT U )*)$M�HPT/T H�H�O 0*O�+10!0

x = y′

y = x′ − s · y′.
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê �Ný

�<áNÎ�Ì ��� ä²�³��� Ê Ì î��S�/� ¤f�B� ó�� ñ

• Q , Q1d£HP.!)*dÍR<,/, ��, R1HPO!0 u�HPd�)"RL+10�u!0*)*.JR�HPO!0kKhO
syt(a,0) = a

= a · 1 + 0 · 0
HPTt,

x = 1

y = 0.

• � )���,ed)cefHd!dZt+,Ll%l�j(d)tmtHd$b b*) l�, 
sg�okc b6u�cÿKBO3RJ, +LHPO
� " D �s:J;9�çD

syt′(a, b);��
b = 0

:]�5EBD
��E*: " �SD 〈a,1,0〉E�� ! E
s � r

��� M^0*.¡KhTW0�Ro.!)�O a
b

K�R-0�gÄQsQ!d¦Q ML0
ML0�.-K�MLQsQ*O*O e�R �
〈

g, x′, y′
〉 ���

syt′(b, r) ���E*: " �SD 〈

g, y′, x′ − s · y′〉EhD�� ;�� �

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê �	�

Á��Lä^á²Ì Ê�Ê �t� Ê �/� ¤f���£¤Í� � Î Ê �¥¤ Ê ó�� ô

��4 = � M � L 8DB=BDI�@CBDI�@;Gs< ?�G^@ @ KFB EHGHB

� E&� �-�h:<8 " � " ;âD*: " ;Å:<;�� �

• R )*g H�dfKP+
0,1,2,3, . . . , n− 1
︸ ︷︷ ︸

n � "����I"�K L/�M�J".s,/dIMNKB, +LHo+10s0*OÄU*gku-U*d³Q*O .¡HP'!Q*TtT HVuPHPd³Q*.s.JQP,jO
g�UoeP+1Q�u!Q�, �!Q!Q�O�%

• Y )*.!)!0
n− 1

R1HP)*d¦0!0i+10s0"R
0
%

• � 0*'$M�HPOi+1Q*T/TI0�, R�HPO T/)!�*)*O\qFr1bid)d)t
,Ll!h��T)
p + qKhO

� _ T KB, +10�Tt)!�*)"RL+10
p
% � )�T MNHVg�UoeP+1Q*usQ�, �!Q!Q*O

q0"RJ.¡H�T +10�%-�

• � Q*'"H�O�O�U"RoTI0"Ro.s)�.!)*Tt.¡H"H n l!h!bkl�u!Q�, �!Q!Q*O�%

• / ,jTtT KB,/O�.<0�,/.!.s,¶T/)!�*)�+Ggk) K!+LK�0
p + i · n gi, RLR-Q

i ∈ Z

K��!0�+ KBT H�HPT/Tt, R1HoR^+-,5U*.JR<,-ML0iR-0�gÄ0 Tt)*.!)��

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê �²ð

Á��Lä^á²Ì Ê�Ê �t� Ê �/� ¤f���£¤Í� � Î Ê �¥¤ Ê ó�� ô

�*8&A]�#�LC�C&DhD � ! ;âD*: " ;Å:<;�� � / Kh.<0�, R�HPO
TW0�Ro.!)o+LKB,jgi, +<)�.JR1HPO_M^Q*Tt.-H�HPOi+<)�T K�RcM^0 HJ+10!0�O&�*, HPTWQ
T/)��5)�T/TW0

n
M^03KP+LHJ+10!0*O uPHPT/.!.<Q M^0*.¡K1M^Q!Q�O*O e�R�%

� �(D5E*EhD � $�8 A]�(A]�(D�8�; ! � " A " 8��²;Å:Z$�E�:<;­;¥A�A"8 KBO
+1Q*TtTW0�, RL+10^]

• � ,IHPd�dfKh.JR�HPO�.¡Kh.¡K�KhO

n = 2`

` =
g3)P, R^+-,ju!0�,/.<0*O l�, +S+-, HPO�T/)�.!)*g Q!Qsd³Q

.

• R H r*0�+-,/, �*, RJ,/O!0Ä+<)*T K�RL+LHJ+10!0�O�O HVT/)!�*)�+�0�MSK�,LM�HPO
U*Tt,/O3HPTt,

(`− 1)
%(l�, +S+-,�KBO

1
%

• / ,/, R T/)*.!)s0*T/) HVO!Q-U�+S+1Q!QkKhT H��!0*O
−2`−1 . . . + 2`−1 − 1.

• F@0��P0�T/Tt, RJ,/gkgÄ0o+�T/)*.s)!0*T/)"H"HJ+ K��!0�+G.<0*T � KB,jTtTW0inÀ%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê �Nï



Á��Lä^á²Ì Ê�Ê �t� Ê �/� ¤f���£¤Í� � Î Ê �¥¤ Ê ó�� ô
7 E��^AP;¥D*:-C

x mod n

• T/)"Ho+10s0*O(�
x
u
gFf2)�, g

n
�

• +10sd�.¡KB, +S+10!0VT/)!�*)*O
x
��T/) KBO�+LH��P0s0]�ÄH)MB)�RL+10NM^0!0

+1Q"RLR-Q lZoic b6u�d$b6cec���l!h h(lUu
gFf2)�, g
n

• HPTt,5RJ, +1Q�Tt)*.!)!0
0 ≤ y < n

0"MNKhTtTW0
x = y + i · n gi, RLR¡Q

i ∈ Z

• HPTt,5RJ, +1Q�Tt)*.!)!0
y
0�MSKB' KhO�u!Q!Q$MsU"+1QsQ*O

.¡HPT/T K!+10*)*T/)�R�R¡0^0(.!)*O
P TIQ*'$M�HJ+1Q!Q�O Tt,/,/.!.¡H�H�TtT HVTt)!�*)"RL+10

0

P K!+LHo+10s0*O
x
0"RJ.¡H�T +10�%

7 E��^AP;¥D*:-C
x ≡ y (mod n)

+10!d�.¡KB, +S+10s0^0&HJ+S+1Q
T/)��5)P,jT/TI0

x
M^0

y
KBO3R-0�gÄ0kH)MB)�RL+10NM^0 g KFMB)*T K

n
%

� �*:-E*EBD
� �L8 	*C��5EBD&D*? ! �Å8 ! A " KhO3R<, +LHPOiRo) K5d¦0!0*O

(x± y) mod n =

((x mod n)± (y mod n)) mod n.

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ðNÇ

���f� �����jÎ�Î�� ¨6$P� � Î����²Ð�Ë�� ¢�Ë¦¤ ó�� ô1� �
� ��� ��� � ! ; $ E��^A5A�; � � ;j;|A]�çD � CB;:	*C*:

• ' ,jT/T H&��,/,/.¡KhO*u!Q�, �!Q*T/T H +1Q*g QiR¡0*g 0 usQ�, �!Q*g Q!Qsd¦Q
K�RJ)*) HPO"R<,^�*) KhO�O!0��

• Q +1Q�, R^U�U R R<,/,/' HPO KBO

366
u!QP, �!Q!Q MNK�R��PQ�Tt, RLR¡Q3KhO�.<0sd�.<0*)"RJu!Q�, �!Q325$&%t2¶%

365
u!QP, �!Q!Q MNK�R HP,­%

• � KB, R<,jgkg HG+LKh.s,¶TW0"RJ.¡Hs0 O!Q�,/O�g KhOo+10 0"Ro.¡HPT +10
HJ+LH�H�O�u!Q�,jO�.<0*T H�Oo+LH�d�, R^+10�%o%o%

• F@0P,À'*) Khg 0�+10^]s��,/,/.-KBO*u!Q�, �PQo+Ggk) K MPK�RL+10��P0o+
��.-HPTtT KP+10*)�T/)*O]� MNK�RLR¡0 KBO

n = 7
��O*)*g HPd£K50]�-%

• � ,/, +S+1Q!QiR<,/, R TW0"RJ.¡Hs0
366 mod 7 = 2

M^0
365 mod 7 = 1.

• � 0"R^+10*)"R�KhOkRJ,t, R
?��t; � " �%$�;âD5EhD MSKPR �!Q*Tt,t,jO M^Q!Q .<0!d�.<0*)"RJu!Q�, �PQ
� " �%$�;âD�EBD MNK�R HP,­%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ðL�

Á��Lä^á²Ì Ê�Ê �t� �����ÀÎf���I¤¥�LÌ Ê �£Î�á ó�� ô1� Æ
� ��� � � 7V� � " �t8�8��²;âD5EhD A�E&��:7� �Å8 ! A "

� E&��:��%�Å8 ! A " KhOi+LKB, RL+LHJ+S+<)*Os0iU*'�+LH�HPO*TW0"RJ.!)*Os0
(x · y) mod n =

((x mod n) · (y mod n)) mod n.

• Q d�, +�U�, R�HoRL+-,
n =

.<0*Oo+10*T/)*.s) `

+10sd�.¡KB, +S+10!0 +<)*T KhO
`
n�cecpu
d)c h!b^' t
)Hu
dZo gHl*%

�D�&:¡EBD !�! ;j;¥D A]� �^�&: "2! KhOk+LK�, R^+LHo+S+<)�O!0
.¡HPdÍ+LKhTI0"RJ.!)*O!0

(xy) mod n = ((x mod n)y) mod n.

• � 0*T � K1MNHPOknÀ%t[ 0*T r�K5d�, +<gk, R�R¡0
� KB,NM50!0*O
RJ) K5d�, +S+10!0�.<0�,/.!.s,¶TI0"Ro.s)�+LKB,jgi, +<)*.JR�Ho+
��gGKFMB)*T K

n
�¡%

� ,/'NMNH +LH�'o+1Q!�!Q!Q*O �t[ 0 X dfKhl*T H�g [¶%/6&% V � �

• / K�R n
KhO�T U*'�U�+GTt)*.!)^0qO H\�sK�,LM50!0�OkRJ) K5d�, +S+10!0

.¡KhO H�HPO3Khg 0*T/TI0 0!d�, +<g HJ+-,/,/.<0*T/TI0�%

• / ,jTtT KB,/O3KhO3H�R<,jg HPd�.s,j.JR<,&O KhuPH 0!0kR1HPT ��, +S+1Q!Q
T/)��5)�O

2100 ��,t,jg H!,jO HPO O*)*g HPdfK
10
QâM^QsdIMNHoRL+LHPTtgÄQ�R�R¡0 +<) KP+S+10�gÄ0o+S+10 , +^R�H Tt)*.!)!0�%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ð²Æ

Á��Lä^á²Ì Ê�Ê �t� �����sþ Ê Î��LÌ Ê �£Î�á ó�� ô1� ñ

� ��� ��� 7V� � " �t8�8��²;âD5EhD ��8&A]� �t8 ! A "

• Y )!�*)*O
a
��'�'Ht1bidZc h(lT,��%c g+�!d)o6big2, l�hZ�T)�t

hZ)Hr^bid!d)t
a−1 \Lgk)*T +-,ju*TÅ,LK"0�+-, � H ,/O!� HPdfR�H m

g Q!Qsd�, +LHPT/TWQsQ*OÄU*'�+1Q�T ehO

a · x = 1

d¦0�+<.<0�, RJ)*O!0�%

• / ,jTtT KB,/O ML0�.-KBTW0"RJ.!)
� KB,NM50!0*O�g Q!Qsd�, +LHPT/TIQ
b

a
= b · a−1.

• / 0*g 0�+ g Q!Qsd�, +LHPT/g Q�+_R�K�� HPT +<)!�!0�+Gg�UJe�R
g K M�)*T K

n
0qgk)�+S+10VO�U�+ U*'�+1Q�T ehTtTWQ

a · x ≡ 1 (mod n)

d)c�n�'�, b b^'Hu('1b b^'Sg2, d#��l$lHt o�l1b ��lHc hZ)%l �
/ ,jTtT KB,/Oi+1Q*T/TIQ

a
M^0*.<0*gi,jO HPOVgGKFMB)*T K

n
KhO*.s,/O

u&lHrmfHg^big1t^bkl �

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ð²ñ



Á��Lä^á²Ì Ê�Ê �t� �����sþ Ê Î��LÌ Ê �£Î�á ó�� ô1� ñ

• F Q*TtTWQÄU5'o+1Q*T ehTtTWQ
a · x ≡ 1 (mod n)

g1t�d³0�+<.<0�, Ro)Ä+1Q"RJgÄQ�T/T H�HPOÄRJ,/T/T K�,jO^0q.!)*O�Tt)!�*)�+
a
M^0

n
K��!0�+ RJ)*'�+LH�HPT/Tt, RJ,W0 0*T/.!)�T/)*.!)²ML05%

Q Tt,5+1Q"RJg Q*T/T H"HPOÄRJ,/T/T KB,jO�.!)*O�.<0*T �sK�MSHPOSR&% VTW0s0NMNH�O�O HJ+S+<) Q )*.!T H!,NM�H�H�O 0*TIrPK�d�, +<gi,m�!0"R^+10!0
syt′(a, n) =

〈

1, x′, y′
〉

.

• / ,jTtT KB,/Oi+1Q*g Q*O&�!0"RL+10�)*.JR�H�O_M^0
g K M�)*TW0!0sd�,Å0sd�, +<g HJ+-,/,j.<0*OÄKhgi,/O!0�, RJ)*)*.<RJ, RL+10
R�H�)�d³0!0

a · x ≡ 1 ≡ a · x′+ n · y′ ≡ a · x′ (mod n)

MNKP+LHPO3Ho+^R<, +S+�U�.<Q!Q*O�+LH!, R-0*Tt.s,IK KBO
a−1 = x′.

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ð�ô

Á��Lä^á²Ì Ê�Ê �t� �����sþ Ê Î��LÌ Ê �£Î�á ó�� ô1� ñ

• ` T HP,/O HPObM^0*.¡KhTW0�Ro.!)�OiU*'�+1Q*T e
a · x ≡ b (mod n)

d¦0�+<.¡Hs0s0iR1HP)*d¦0!0!�!0"R^+-,;]
#�% Y 0"RJ.-HJ+10!0�O 〈

d, x′, y′
〉

= syt(a, n).<0*T � K1MNHPO Rh% V TI0!0NMNHPO*O HJ+<)*T/TI0 Q )�.!T H!,LMPH"HPO
0*T r�K5d�, +<gk,/T/TI0�%

2&%A/ K�Ri\�+10��P0�T/Tt,/O HPO!mqM^0*.¡KhTI0"Ro.s)

b′ =
b

dH!,Àg HPO H +10"R¡0*O^0(OP,/,jO�d¦0�+<.<0�, RJ)NM^0kH!,�KhT H
TW0P,jO*.<0!0*O5%

V % ' )*)�+LHPOiU*'�+1Q*T ehT/TIQ3KhO
d
d¦0�+<.<0�, RJ)!0

x = b′ · x′+ i · n′ (mod n)

gi, RLR-Q

n′ =
n

d
i = 0,1,2,3, . . . , d− 1

HPTt,-M^0*.¡KhTW0"RJ.!)*O&�!0!dÍR<,jO!0�,/O HPOi+<)*T K�R
(mod d)+

.s, H�d�dfK�R .-HPTtT KP+10*)�T/)*OiU*gku!Qsd�,
d
O*)*g HPd£KhO gi, +S+10�, RJ,/O 0"Ro.¡HPT H!,/O�%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ð²ó

Á��Lä^á²Ì Ê�Ê �t� �����sþ Ê Î��LÌ Ê �£Î�á ó�� ô1� ñ

• F@0�u!0*)"R
a = 0

� KB,NM50!0*O .JQ�RJ, +LH�TtTWQkHPd�,j.JR�H�H�O1]
P / K�RÄg�UJe�R

b = 0
0qO�,t,jO MNKh.<0�,jO HPO

x = 0,1,2,3, . . . , n− 1
.<Q<Ui+<)�T Kh.JR�HP.JR<,â%

P / K�R
b 6= 0

0(O�,/,/O�gk,/.<Q!Q*O O�,t, R^+1Q3H!,À.<Q<Uo%

• / K�R n
KhO�.<0*T �sK�MSHPOSR&%t290*T/.s)*T/)*.s)^0(O�,/,/O

P d = 1
.<0�,j. ,jT/TI0

a 6= 0

P M^0*.¡KhTW0�Ro.!)�O 0�,/O K�0i+<)�T K�R�KBO��!0!dÍR<,jO!0�,/O HPO
x = b · x′.

• < cptHd�l%lZokcptHd)t+��lHrmfHd)t u )
)1b b*)�j�lHt���c g��ClHt^big
��h�d)t
qsr^b^'�,:89KhO

a · x− n · y = bMNKhO*.<0
P �!0*.s, KP+

a
0
n
M^0

b

P gk)*)�+S+<)NM^0�+
x
M^0

y

K��!0�+G.¡Kh.¡KhO!0�, RoTt)*.!)NM^0�% / HiKhOkR-0*g 0ÄU*T H!,/O HPO
M^0*.¡KhTW0�Ro.!)�OiU*'�+1Q*T e .s)*O

y
R¡0!03KhT/TI0�gi,j.<Q

+10*'!0�O"R-05%
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ðNý

É � � � Ê Ì Ê � �����!þâË�Ë²�²�!7²�£Ì Ê á���� ó�� ô1� ô
� ��� ��� � ;j;âD�8��Å8�;¥D5EBD\��C�ChD&D � ! �t8 "2! E

• � ,/,jOs0*TW0�,/O HPO MLQsQ*O*O e�RJTW0�)"R1H \ U>'�,/O HoR1H
� HPg 0�,jO$MPH�d F ' H�K5d£HPg 0%U � F m d¦0�+<.<0�, R�H�H
U*'�+1Q*T ehu!0sd�,/O

x ≡ a1 (mod m1)

x ≡ a2 (mod m2)MNKhO*.<0�g K MB)�T/)*.JR�HJ+
m1

ML0
m2

K%�P0o+ .¡HoRo.¡HPO!Q!Q�O
RJ)*'�+LH�HPT/Tt, RJ,W0 0*T/.!)�T/)*.!)²ML05%

• F Q*g Q d¦0�+<.<0�, RJ)
x (mod m1 ·m2)

P T e"U�+�U"U�d¦0�+<.<0�, R1HPg 0*T/TI0Vd�, R^+-,j.!.<Q�, R1HJ+ U*'�+1Q*T e!+
m2 · x1 ≡ 1 (mod m1)

m1 · x2 ≡ 1 (mod m2).<0*T � K1MNHPO Rh%tn¶% V +10*u!0!0*O10�ML0 0"R�Ho+S+10�gÄ0�T/TW0

x = a1 · x1 ·m2 + a2 · x2 ·m1
� ��� : 
 
 3 � 0s0!�!0"R�R¡0 �t[ 0qTt)*.!) [¶%ÅnÀ%t2�� KhO
u!0�,/O K���,jd�' H2�

P KhOiU*.JR<,j.<Q"R<, +S+LH!,jO HPO�%
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ð	�
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• 2 'NMNHPT/g KB, ML0�OÄ+<)*T/.s,/O�+10^]
P Y )*.!)

c (mod m1 ·m2)
� KB,NM50!0*OkH�R<, +S+1QsQ

U*.JR<,j.<Q"R<, +S+LH!, R�HoRL+-, , )T�T)651lZokcpt�l
〈c (mod m1), c (mod m2)〉

%
P F Q"RLR¡Q�T/)�.!)*u!0sd�,IHoRJ, +�U*.JR�HoR�R¡Q
� KB,NM50!0*O
∗ U*'�+LH�HPO�Q

∗ �!Q*'"H�O�O�U"R Q

∗ .¡HPd�+LK%Q
TW0�Ro.!)o+LKB,jgi, +<)�R � +LHP'$M5Q u!0�,j.s.J0 u!0�,/.J0�T +10^]

〈p1, q1〉 � 〈p2, q2〉 =
〈p1 � p2 (mod m1), q1 � q2 (mod m2)〉 .

P R Q*g QVus0�,j.!.<0*.¡Kh'o+10�, R�HJ+ TI0"Ro.s)�+LKB,jgi, +<)*.JR�Ho+ �� KB, �!0�+ u*)"KhT HoR^+10!0*O3KhO*O�, RL+<)s0�.¡KhO"H"HPO
Khg 0*TtTW030!d�, +<g HJ+-,/,/.<0*T/TI0*.s,jO5%

• Y 0"RJ.!)�+LKB,/gk, +<)"R � � KB,�KhTtTW0�g�UJe�R ML0�.-KBTW0"RJ.!)
.<0*T � K1MNHPO R&%ÅnÀ% V +10*u!0s0*O^]
+<)*T Kh.JR�Ho+ R¡0!0$M50!0�O u!0�,j.s.J0�.-KB'�+10�, R^+LHPOÄ+<)*T KPRL+LHPO
.<0sdÍ+LH�HoRJ, R1HPO!0Ä+<)*T KBO!0�%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ð²ð
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• � ,/,jOs0*TW0�,/O HPO MLQsQ*O*O e�RJTW0�)"R1H U*T HP, RL+�U�U�g�Uoe�R
)"R�H 0*gkgÄ0�T/T H u!0�,j.<0*TtT Hm]
P _ d�, +<g HJ+-,/,/.!.<0Vg K MB)�T K

m = m1 ·m2 ·m3 · . . . ·mk

P KhO*OP, R^+<)*)�O!Q�,/O
k
Tt)!�*)*O�g KhO�,/.-K�,jT/TI0

P .!)*O�'!0*O MNKh.<0�,jO HPO gGKFMB)*T Khu!0sd�,
mi

ML0
mjKhO�.¡HoRo.¡HPO!Q!Q*OiRo)�'�+LH�H�TtTt, R1HJ+�0*Tt.!)*Tt)!�*)�+o%

• açUoeFM!U*T/Tt,/O HPO3R<,/, R RJ,/T/T K�,jO^0"MNK�R
P +1Q-U�+�U�U TW0"RJ.¡Hs0 g K MB)�T K R�HPT/TI0�,jO HPOkRJ)*)*d�,

m

P MNKhO*.<0 0�T/.!)*Tt)*.!)*.¡HP'�, +LH�Ttg Q"R�R¡Q
\L.<0*T � KB,/T +10SR&%t2�m KBO HPd�,/.-KB.-K�, R<,Å0i+LHP.s, MNeB, +1Q

P .¡K�RJ.J0iRJ,/T/T KB,jO�u�, H�O"Ho+Gg K M�)*T KP+
mi

� KB,LM50s0*O
�!0*Tt, +10 g KhO HoRL+10kHPd�,1�!0�,j'�+LK�HP'$M�K�R^+10�%

P _ ,/O K�0�d³0²MSK�, +<)"R KhO^0¶HJ+S+1QiR¡0*g 0*OÄ+LHP.s, M^Q*O
��lHc��6�%c .¡Khu�, KP+ uP, +1Q!Q TW0�, +S+10!0iR¡0*g 0!0*O
u�, H�O"H"HPO�g K M�)*T K�KhO

mi
%
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• Q RJ,/gGHPd�.s,j.<RJ,

m = 90

= 2 · 3 · 3 · 5
0*O�+10s0
�!0�,j'o+LKBHP'$M�K!+

2,3 · 3 · 5︸ ︷︷ ︸

45

2 · 3 · 3︸ ︷︷ ︸

18

,5

2,3 · 3︸ ︷︷ ︸

9

,5

3 · 3︸ ︷︷ ︸

9

,2 · 5︸ ︷︷ ︸

10

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ï²Ç

���f� �����jÎ�Î�� ¨¡� Ê �h� Ê �£� Ê ¤â¤ Ê�Ê ¤ ó�� ô1� ó
� ��� � � � ! ; $ E��^A5A�; � �_8�$Y$�8 ! ��8*:1:<8�8*:

• 2 T/.¡K�KhO3KhOsr�HPTtgÄ0�R�R¡032 '!0*gkg 0"RJd³0o+10"RL+101]
!#"�" �²; d¦0�+10"R!0�MSKPR�R¡03KhO

m1
'!0*gkg 0"RL+10

P O�)*g H�dfKB, +<)�,jO!0
0,1,2,3, . . . , m1 − 1

P u�qT8sb^'�u!Q�, �PQsQ*O
� ;/EBD�; d¦0�+10"R!0�MNK�RLR-03KhO

m2 < m1
.-KBT K�0

P O�)*g H�dfKB, +<)�,jO!0
0,1,2,3, . . . , m2 − 1

P n l!h!bkl�u!Q�, �!Q!Q*O�%

• _ Tt)*.JR<,À'!0*gkg 0"R
0
KhO�.¡KhT KPR�R¡0

0
%

• � )*O3RJ)*)*d�+10�d¦0�+10"R^+10 .JQsQ*O*O HJ+1Q!Q*O
1
0"Ro.¡HPT

�!0"R^+10*u!Q�, �PQsQ*O^0çO�,/,/O
#�% O�U*.<U�,jO"H�O '!0*gkg 0"R

0
,jd�+LK�0!0 O�U*.<U�, R�H�R^+1Q

.¡KhT KPRL+10
0

2&%cR�H�)�d³0!0��P0 's0*gkgÄ0�R
1
us0�,jO*)�)3R1HP)*d¦0!0!�!0!0�O

.¡KhT K�KhO
1

M^0�O�,/,/O H)M�HPTtT H�HPO�%
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ï^�
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• � )*O3RJ)*)*d�+10�d¦0�+10"R^+10kKhO�.<Q!Q*O*O"Ho+S+�U
m2

0"Ro.¡HPT +10
�!0"R^+10*u!Q�, �PQsQ*O
� ;/EBD�; d¦0�+10"R KhO�u-Uoe5d¦Q*'�+1Q*OoU"+ +1Q<U$M�HPO

.s, H�d�dfKh.JR�H�OÄ+10*.<0�, R<,jO 0�T/.!)*.¡KhT KBKBO"R-0
0

!#"�" �²; d¦0�+10"RbKhO R1HP)*d¦0!0!�!0"RLR¡0 '!0*gku!0s0"R�R¡0!0*O
m2

M^0�O�,/,/O H)M�HPTtT H�HPO�%

• � )�,jO*.<0�g KhO�+10 0"RJ.¡HPT +10
x
+10sd��*, +10!0*O_MNKP+S+10

R¡0!0$M50!0�O�'!0*gkg 0"R
a1

.¡KhT KBKBO
a2

�

• � 0"R^+10*)*.JR�HPOV0�O�+10!0 T/)�.!)NMNHPOURh%tn¶%tn .s,/,/O!0*TW0P,jO HPO
M^Q!Q*O*O"K�RoTI0*)"R�H
MNK�R

m1
M^0

m2
K��!0�+ Ro)�'�+LH�H�TtTt, RJ,W0 0*Tt.!)*T/)�.!)NM^0�%

• Q RJ,/gGHPd�.!.s,/O!QiR�HP)*d¦0!0!�!0*O�.s)!�!0*O�gk)*.<0�,/O HPO
_ +^RL+LH�HP.!.s, HPO�u-U*'!Q�.J0�T HPO�+LHPd�, ](u!Q�, �PQo+GOP,jg HJ+S+-,/,jO
�
m n

� gi, RLR-Q
P m

KhO MLQsd MNH�R^+�U RJT/)�.!)
1 . . .13

P n
KhO MNKh.s,/O 2*4�HPd�,<M1)*g 0*T/)*)ZM�HoRL+10

M^0�u!Q�, �!Q�+ 0*Tt.¡KB, �!0�+ �¡# 0*T/TÅ,Wr50s0�+S+LK5d�, ��0��N2V+<)*)�Tt, � 0
� V +10*T K���0�%�%�%)�t2 0(.!)!�!0 V [��N%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ï�Æ
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� � � � � � � 	�
��	� � � 
A	 � 
 	

�t[ 0qTt)*.!) 6%�

• ' 0�+LHPgÄ0o+-,/,j.<0*O '!0!0sd³010"MNKh.<0�TI0"Ro.¡H�H��T)Hcet
��l
u
g1t^bklUdZokc�,LlHc h!bkl o�l���dZtHtHd#,pu&l%l n(gmc bidZrHfT' .!)*O
0*O*O"Ho+10s0*O

P .<Q-U"+LHJ+S+1Q!��, R�R¡QkKBT H��!0�+Gd¦0*.¡H�O�O*)"RJu!0*Tt,/.<0�+

P R¡Q!Q*O*O e!+ MNKB,jTtTW0�OP,/, +1QiR-0s0kU*'$M�, R^+LH�TtTWQ�%

• / HPOi+<)*O�+LHPgk)"R R-Q!Q�RL+1Q!Q

P , +^R�HVd¦0*.¡H�O�O HPT/gi,IHPO .<0"R¡0!0*gi, R�HPO
P O�,t,LM�HPO�TW0"RJ.¡HPgk, R1HPOÄU*.JR<,À.¡HPd�d³0*TtTW0!0�O
�!0�, �!0*O5%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ï�ô
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• F_)o+S+<) HoR<,jg HPd�.s.s,¶\Ll�,jO KBgk,/.¡H�d�+LKB,/gGHJ+1m�]

P a ) KhO H�HoR�R¡03KhO
n
,/'*gi, R^+1Q�%

P R ,/, R^+1Q�uP, +1Q!Q&�P0�Tt, +10
k
,/'*gi, R�HPOi+�Uoe5dÍU*'*g Q�%

' KhO�+10*.¡K�HPd�,/TW0�, RL+10Ä+�Uoe5d�U5'�gÄQsQ&�sK�,Àd³0*.¡HPO�+10!0 �

• / K���, +10s0*O�g HPd�. ,jO�+1Q
f(n, k) =

.<U"RLU�+S+�U
T/)�.!)*g Q!Qsd³Q5%

• _ T KB, +LHJ+10!0*O�\�+1Q*T/TIQ�.¡HPdÍ+10s0!m d³0NM^0�+10�u!0*)*.JR<, R^+10^]

P f(n, n) = 1
.¡K�Ro.<0 MNKh.<0�,jO"H�OkKhO�u!0�.!.¡K

�!0*Tt, +10�%

P f(n,0) = 1
.-KPRo.<03HPd�,/TW0�, RJ,W0Ä+�U*'NM�,ÅQ

+�Uoe5dÍU*'*gi,WQkKhO
�P0P,jO
1

 +�U5'²MLQ_MNKh)*.!.¡K¶%

P / K�R
k < 0

+10P,
k > n

+10�,
n < 0

0qO�,/,/O
f(n, k) = 0


 R1HPTtTW0�, RJ,W0�d�U5'�gk,WQkKhO
g 0*'$M�K!+LKhO�+10 gk) KFM�K�R^+10!0�%
F Q"R^+1Q O!Q*'ZM5Q!Q*O^0&HJ+S+1Q�gi,IHPT HPO*. ,/,jOo+LKB,jO HPO
0*Tt) HiKhO

0 ≤ k ≤ n
%
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• � KB,LM*0!0*O�gk) KFM�K�R^+10!0 o d;��)Hoio d)t)h h�cçHPTt,*U*'�+1Q*T e 0
MNKh.<0�gÄQsQ!d�, +S+LHPT H"HGRJ)*)*dfHPg3g 0*O +10*u!0�)*.JR�H�O
� HJ+LK�0*g 0*T/TI0 uP,IHPO HPgku�,/,/Oi+10*u!0�)*.JR<,/,jO1]
P 2 +LHJ+10!0*OV'*) KhO"H"HoR^+10iU5.<RJ,¶,/'*gi,jO HPO

x
u�KB, R)0

M^0�gk) KFM�K�R^+LHJ+10!0*O '*) KBO H�H�R�H�HPObM^Q!Q*O H!, R^+1Q
n− 1

,/'*gi, R�HoRL+1QÄ+�Uoe5d�U5'�gk,WQ�%
P / K�R

x
'!0*T/)o+10!0*O�u )���l%l�ti+�UJe5dÍU*'*g Q!Q*O10(O�,/,/O

'*) KBO H�H�R�H�HPObM^Q!Q�O H!, R^+1Q u�, +1Q!Q gk) K MPK�RL+10s0
k − 1

' HPOsr�HPOk+�Uoe5d�U*'*gi,ÅQ�%
/ HPT/TI0�, R<,Å0kKhO

f(n− 1, k − 1)
HPd�,jTW0P, R^+10 


g HPd�.s,/O�+1Q"R�Khu�,/g3)�.JR1HPgkg H3O"K1M^0*T/TI0�%
P / K�R

x
'!0*T/)o+10!0*O 5 g1c hi+�UJe5dÍU*'*g Q"R^+1Q^0çO�,/,/O

'*) KBO H�H�R�H�HPObM^Q!Q�O H!, R^+1Q u�, +1Q!Q gk) K MPK�RL+10s0
k' HPOsr�HPOi+�Uoe5dÍU*'*gi,WQ�%

/ HPT/TI0�, R<,Å0kKhO
f(n− 1, k)

HPd�,/TW0�, RL+105%
P / 0!0$M*0!0*O dfH�.s)*d�dfHPO"RLRJ,

f(n, k) = f(n− 1, k − 1) + f(n− 1, k).¡K�RJ.J0 gi,j.<Q!Q*O d�U*'*g QkHP,
∗ M^Q!Q�O�U�+GuPKB, R

∗ +<)�T/T/)o+GTW0"RJ.¡HJ+S+<)!0 .<0*'$M�HoR^+-,â%
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ï²ý
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• F Q*g Q dfHP.!)*d�d£HPO"RLRJ,On�g1c bklHc h�cpcet KB'NMNH�Ttg KB,LM50
RJ) K5d³0!0�O�d£HP.!)�dfR<,/, �*, R1HPO!0Ä`S)*O*.-+-,IKhO!01]
� " D �s:J;9�çD

f(n, k);��
n = 0

� �
n = k

:Z�5EhD
��E*: " �SD

1E�� ! E
��E*: " �SD

f(n− 1, k − 1) + f(n− 1, k)EhD�� ;�� �

• / H .s)�, +LHPO*.s,/O�TI0"Ro. , R<,�R¡0*g 0*O&�!Q*Tt, +<)*T KB.JR1HPO
g KhO�+10 .-HPd�+10!0^]

f(5, 3) =f(4,2)

+ f(4, 3)

=f(3,1) + f(3, 2)

+ f(3, 2) + f(3,3).

• � l�)�, )���g1cef�l%lHt��!Q*TÅ, +<)*T Kh.JR�HJ+Gg 0�+<d�,t, R<,j.JR<,
F [i][j] = f(i + j, j)HPTt,2��g KhO�+10*.¡K +10*u!0s03KhO
�!0*Tt, +10

j
,j'*gi, RL+1Q

+�Uoe5dÍU*'*g Q*OiRJ, R-Q�Q gk)�+S+10
i
)*Tt.-KBu*) KhT H�TtT H��¡%

F [i][0] = 1

F [0][j] = 1

F [i][j] = F [i− 1][j] + F [i][j − 1]
.!)�O

i, j > 0
%
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• ' 0�+<d�,t, R<,
F
� KB,NM50!0*Oi+1Q-U�+S+1Q!Q

P d�, ��, M^QsdIMNHoR^+�U*.JR�HoR�R¡Q
i = 0,1,2,3, . . . , n + k

P d�, ��,jO
i
R<, R¡Q*T/TIQkR¡0sd³0*.¡H�M^QsdIMNHoRL+�U*.JR�H�RLR¡Q

j = 0,1,2,3, . . . , k

.¡K�RJ.J0�u!0P,j.<0*O
F [i][j]

\
i, j > 0

m�0sd�� K d�,/,/u*u*)*)
P H)M�HPT/TÅ, R�H�O d�, ��,jOkR-0�gÄ0�RL+10ÄR-0sd¦0*.!.¡H�HoRL+10

F [i− 1][j]

P R¡0*g 0*O d�, ��,jO3H)M�HPTtTt, R�HoRL+1QiR-0sd¦0*.!.¡H�HoRL+10
F [i][j − 1]

%
� " D �s:J;9�çD

f(n, k)
� � �

j
���

0
:��

k
�&�

F [0][j]
�

1EhD�� � � � �
� � �

i
���

1
:��

n + k
�&�

F [i][0]
�

1 �
� � �

j
���

1
:7�

k
�&�

F [i][j]
�

[i− 1][j] + F [i][j − 1]EhD�� �S� �
EhD�� � � � ���E*: " �SD

F [n + k][k] �
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ï�ð
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• R Q HJ+ +10*)�T/)*.¡KhO
P .<Q!Q*O�+1Q�gÄQ�T/TWQ �t[ 0¶R<, �*) # V 2%� 45◦�!0"R^+10*u!Q�, �PQsQ*O
P T H!,/.!.<0!0*g 0*T/TI0 .-KBT/gi,IKhOiRo)"K�d¦0*.!)�T/gi,IKh.<RJ,­%

• / 0�,/g3g H TI0"RJ.-HJ+S+<)!0�� ;âD2�%$�;¥A�E���:��À; $ E�:
P MNKB, +10 g HPd�.s, +1Q!Q�OÄ+10!�!0*TtTt, R1HoR^+-, (n

k

)

P ,jTtg 0*OiRo)�T MNHJ+S+<)!0�gk) KP+LK50
(n

k

)

=
n!

k! · (k − n)!M^0kR�HPOV0sd�, +<g H�HJ+S+-, R<,Å0V'!0�O*.<0*T/)*)�.JRJ,W0
P , +^R�H30"R<,Å0"RLR¡0 MNKhu!0�TW0�Ro.¡HPg 0*T/TI0Vu�,IHPO HPgku�,

+10*)*Tt)*.!.¡K .s)�,jO�.s,/dIM^0*OÄU*.JR<,jO*.¡HPd�+10�, R�HPg3g 0*TtTW0
+10*)*Tt)*.¡KB,jOo+-, +10!�!0*TtTW0 MSKB.J0 TW0"RJ.¡H�HV.-KBT/gi,IKhO5%�%�%

• / 0*g 0*TtTW0 �âMNKh'$M*0�dfHP.!)*d�d£HPO"RLR<,<ML0Ä+10*)*Tt)*.¡KB,�R�HPO
0sdY� KP+ � Q1uPH�d�,Å0s0�+S+LH�H�TtTW0ÄR-0s0�d¦0�+<.<0�, R^+<)!0VgGKBO�,Å0
.¡Khgkl�,jOs0�+LK5d�, RJ,W0�TW0�Ro.¡HPgi, R�KhOsr�HPT/gi,W0�%

• Y 0"RJ.-HPO*Os0*Oi+LH�'"K�RL+10�gk,/O HPOÄ+10*)*Tt)*.¡KB,jg 0*TtTW0iR�H�O
�!Q*Tt, +<)*T KB.JRJ,W03KhO�.¡HoRo.¡H!,jO"H�Oi+�Uoe��!Q*TÅ,jO HVg�UJe�R
.<0*T � K1MNHPO #"4 M!U*O!0!0*gi, R1HoRLR-0kKh'²MSHPTtgGK�,jO*O�, R�R¡0�%
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W R1H!,jOi+LHP'�+1Q!�!Q"RLR¡QkKhO^]

8��âA " :J; �Å8&DhD5E MSKPRL+10 u�, +1Q!Q TWQ*'o+LHsQ

� � E���8�8*:<;��h: MNKB,jTtTW0Ä+-,jTW0�O�+LH�H�R^+10iR¡0!0kR�HP)*d³0s0!�!0�+

�-� � ��" E��*:�� MNKh.<0�u�, +1Q!QkR¡0!0�+S+10s0&�sK�,jg 0!0*O_MNKP+S+10
O�U*.<U�,jO"H�Oi+-,/TW0*O*O"HiKhTt, RJ,5+LHP'�+1Q!�!Q*O d³0o+<.J0P, RJ)�%

Q RJ,/gGHPd�.s,j.<RJ, � )*l�,/.s,jO�.!)�)�+-,IK�RLR¡0

8��âA " :J; �Å8&DhD5E KhO�.!)*)�+-, KhO�O�U*.<U�,jO HPO 0"R�H�Oo+LK

� � E���8�8*:<;��h: K��!0�+G.<0�,/.!.s,
��O!0*.<R-0*)o+<)*.JR�Ho+ �

�-� � ��" E��*:�� KhOkHo+S+1Q MNKh.<0�,jO"H�OiR<, �*)kKhOÄU*.JRJ, �!Q!d�,jO"H�O5%

+ � 0�+<.<0�, Ro)5\jM^m�0&�sK�,Xd%b[h�c:' MSK O!QP,jT/TIQi+-, HZMPKB,jTtTW0�%

− ` T HP,/O HPO HJ+^RJ,/O�+1Q*g HPO HJ+LHPT/g QÄKhO�rmc bkl%l�u(5^c .!)�,/O
+LHP'�+1Q!�!Q!Q*OkHPd�,j.¡KB, RL+<)*O�)�+ 0�TIr�K5d�, +<gi,â%
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Q +^RJ,/O�+1Q!Q&� KB,h0NM^0�+LHPT/TI0�\Lg 0*'ZM�KhT/TÅ, R�HoRL+-,BQ!Qsd£HJ+S+Lehg Q*Osm
5 g2,��T);5&)
)Ht���l!h)n l1b bklHu�c h(d)t�l1]

� "�" ��EhD�8 KBOV0�T/.!)�+-,/TW0*O�O HoR1KhTtgk)
s
% / ,/, +1Q

0*T KB, +LHJ+10!0*O5%

� 8 �2! ;âD�8 KBO�, R¡Q�+-,jTI0*O�+LH�HoRL+10 U*'$M�HPT/TIQ3Khu�HPd¦0!0�+-, KhT/TI0
R¡0!0�+10!�!0�+ +-,jTI0*O�+LH�HJ+o%
` .JR<,À.<0"R �P0o+<)"R-0�Ro.¡HPT5KhO�TI0"RJ.-H 0 TW0*u"R�HJ+ MNKhT/T HP.s,jO
��,IHPTWQ TW0*u�R1HJ+S+LKhg 0*TtT H R�KhT/gk)*TtT H*%

� 8
	��À;t:1:¡E5EBD�8 KhOkR-0s0$M50�.<0"R �!0�+LHJ+S+<)!0Vu*)*)*'*)�O
R�KhT/gk)

t
0"MNKh.<0i+LKP+LHP)�+S+10!0VT KBu*u*) HP'$M�KBO�%

W R1H!,jO�T Khu*u*)"R�KhTtg3)�Ok+<)*O*O�, RL+<)�R +LHP'$M5Q!Q*O
�!0"R^+10
.!)*OkR�HkKhO
�P0�Tt, +S+<) .<0"R �!0�+<)"RJ.¡Kh'$M50*.<RJ,­%

�_8*:�A"8�; !#" D�8 +<)*T K�RL+LHJ+10!0�O�T e"U$M�HJ+S+�U3Khu�HPd¦0!0�+-, K1MNKhO K
s −→ . . . −→ tMNKh.<0
�sK�,LM50!0�O�T/)�.-H 0 bkl���l65 d)oicet
s←− . . .←− t.!)*O MNKh.<0�, R1HoRLR-0kR�KhT/gk)"RLR-0 gk)�, R^+LHJ+10!0*OÄR1HPO , R¡Q^0

MNK�R^+103R<,/,/' HPOi+<)*T +-,t,jO�%
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� dZoS)
)1b bkl1n�lUd$b[h�cpt^b^' \,J 0$K!.<+<d³0ZKP. ,jOsr5m\�/6 0qT/)*.s)9#�#*%�#
M^0�.!)��P0�#*#*% V �À[ 0qT/)�.!)3[��=�!0*Tt, +^R1H�H R1HP)*d¦0!0!�!0*.<RJ,
.<0"R �P0o+<)"Ro.¡Kh'ZM50*.JR<,1��,t,jg H!, R<,jgkg Q*OG+LH�'ZM!U*O�TI0*u"R�HPO^]
� �^���!E�� " ��E

BackTrack(t :
:<; �t8hDhD5E

)
; !

;�� +-,jTI0*O*O H
t
+1Q<U�+S+1Q!QVT KBu*u*) HP'$M�KBO :Z�5EhD

2 uPHPd³0!0o+-,IKhuPKhT/.s)
polku(t)

M¡)�)*d�, QbHPTt,
0*Tt.!)�+-,/TW0*O�+LH�HoR^+10Ä+-,/TW0*O�+LH�HoR�H"HPO

t
KBO HPd¦Q"R

d¦0�+<.<0�, RJ)i+LHP'�+1Q��PQsQ*O
E�� ! E

�S� � 8�� � +-,jTI0*O�+LH�HPO
t
TW0�u"R1HJ+

t1, t2, t3, . . .
�&�

BackTrack(ti)EBD�� �S� �
EhD�� ;�� �

• X U"R-Q�'�+�U*gi, R�HPOÄ+10*.<0!0*gi, R�HP.JR<,�KBTt, R<,1�!Q*T +LHJ+S+1Q!�!Q
Q!QsdfHo+S+LeBgÄQo+ uPKhT/)�+o%

• ` .JR<,ÿ\L'�,NM50"R¡mb+10*u!03KBObM^Q�+S+1QsQ u�KB, RÄO H
TW0�u"RJ, +-,jTI0*O�+LH�HJ+

ti
MNKP+<.<0_MNK�K��!0�+GuPKhT/)*TtTW0

M1)*)*d�, +-,/TW0*O�+LH�HoR^+10V, R¡Q�+-,jTI0*O�+LH�HoR1H�HPO
t
%

• � KB,BKBT/TW0 g 0*'$M�KP+LKBO�+10
�!Q*T +S+1Q!Q_MNK�R H�d�,jTI0�, R<,Å0
+-,jTI0*O�+LH!, +10Ä+LKFM�HPT/TI03KhO Q!Qsd£HJ+S+Lehg Q"R^+-,â%
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/ K�RÄ'!0*Tt)�+10!0*O d³0�+<.<0�, Ro)P, R^+10

���(A�;âD O�,t,jO�� KB,NM50!0*O T KhuPHJ+S+10!0 .¡Kh.¡K dfHP.!)*dÍRJ, K
HPO"R<,jgkg Q�, R�H�H�O T Khu*u*)"H�'ZM�KhOk+1Q-U�+S+1Q!�!Q!Q*O
d¦0�+<.<0�, RJ)*)*O

polku(t)
%

���(A"8�;¥D5EBD O�,/,/O�d£HP.s, RL+LHPdfeB,LM5QsQ*O .!)*.s,/O�T e"U$M�HJ+S+�U
d¦0�+<.<0�, RJ)

polku(t)
M^0 M^0�+<.¡HJ+10!0*O dfHP.!)*dÍRJ, KP+10�%

� 8���8 ! O�,t,jO�.<Q<U$M5QsQ*O�TIQ*u�,<MNKh.<0�,jO"H�O_M^0
dfH�. , R^+LH�dfeB,NM5Q!Q*O T e"U$M�HJ+�U�, R^+1Q�us0!d¦0"R�%
� K�RJ.<0�gGHPO HJ+LHPT/g QiH!,5+10*.<0!0_M^Qsd MSHoR^+�U"R^+1Q_MNK�R�R¡0
d¦0�+<.<0�, RJ)�+GT e U$M�HJ+1Q!Q�O�%

+
aqH�Ttu*uPK�Kh'NMNHPT/g KB,NM50�%

+ R Khu�H 0i+<) KP+S+10�gÄ0s0*OkHPd�,jTI0�, R<,Å0Ä+-,jTW0�O�+LH!, +10
t
%

+
F HP' KB.J0�RÄ.<Q<U�+S+1Q*g Q!Q�OVgk)�, R^+-,Å0�%

− Q +LH�O"H"HÄR�Kh.¡H 0"R^+-,�KP+S+10�gÄ0o+S+10V'*) Khgi, KBKhO
g 0*'$M�KBT/Tt, RL+10Ä+LHP'�+1Q!�!Q*.¡Kh'�+10�, RL+10
Tt, R-QP,jO�`�K5d�g 0!0�+-,IK!+10�%
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� Q<U�+LHJ+1Q!Q*O .<0*T � K1MNH�O\[¶%�# uPH�d�)*)�+S+10��P0s0kHo+^R<,jOo+1Q!Q
HJ+^RJ,/g Q!Q*O r�l�,;n(cet d¦0�+<.<0�, RJ)�%
F HP' KPRL+<)*)10 .s)*O j�'mbid%b^'6'Ht���l!h)n l1b bklHu&l1b bkl tHd
h(g2,pu )1b��!j(gsb ��l gsn�lmbmj(g t�q b r2)�gmtHg1u 5sc l �T)Hcet 5ml$o�l!h
b^'HrT'�t u
d)tmtHd h�h7'�,:8,qFf�d%b b q o�l1b ��lHc hZ)

pmin
%

• ` TtTWQ*u�,NM�HJ+1Q!Q*O pmin
rBT Khls0!0*Tt,/O!0i+-, HJ+LKhO!0�%

_ Tt.!)!0sdY� KhOs0\��d¦0�+<.<0�, RJ)]�@MNKhO*.<0�'�,/O�+103KhO
+∞ %

• 2 T/.¡K�KhO
meni(t, t′) ≥ 1

R�HPO KBu�HPd¦0!0�+-,IKBO�'�,/O�+10^0
MNKhT/TI0i+-,jTW0�O�+LH�H�R^+10

t
R-0s0�O!0!0�u*)*d�, +-,jTI0*O�+LH�HPO

t′
%

� �^���!E�� " ��E
BranchBound(t :

:<; �Å8hD&D5E
, g : R)

; !
;�� '�,/O�+10

g
KhO�'!0*T �sHPgku�,¶.!)�,/O�d¦0�+<.<0�, RJ)*O

pmin:Z��EBD
; � +-,jTI0*O*O H

t
+1Q-U�+S+1Q!Q T Khu�u*) HP'$M�KhO :Z�5EhD

pmin
���

polku(t)E&� ! E
�S� � 8�� � +-,jTI0*O�+LH�HPO

t
TW0*u�R1HJ+

t′
���

BranchBound(t′, g + meni(t, t′))EBD � � � �
EBD��p; �
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• / , +1QÄ+LHP' Kh.!.<0!0*gku�,&gi, +1Q 0P,j.<0�, R�HPgkgk,/O
d¦0�+<.<0�, RJ)*O

pmin
'P,jO�+10�u*)�+LK50!0�%

• Q +^RJ, +1Q!Q*OkR<,/, RÄd¦0NM1)!0 u*)$M�K!+<)"RL+10�.J0�T � K1MNHPO #"4&% V0*'*O"H"HPTtTW0 0NM^0�+S+LHPT/)�+10��P0�T/TW05%

• � H�.<RJ, +1Q!Q*Oi+1Qo+1Q&�P0sd�+LHPO MNKh.s,/O
menee(t) =

lZo n(c g RJ,t, +1Q�.s)�,jO*.<0 TWQ*' HPTtTWQ
+-,jTI0*O*O HJ+S+10

t
KBO�TIQ*'�,/O3R�HPT/TI0�,jO HPOi+-,jTI0*O*O Hm0�MNKh.<0

+1Q-U�+S+1Q!QÄ+LHP'�+1Q!�!Q*O T KBu*u*) HP'$M�KBO�%
R R"% rHd;)Hokc h!b6cptHd)tk`S)*O*.<+-, K¶%

• / ,jTtT KB,/O�TW0*u"R�HJ+
t′
� KB,LM50s0*O�.<Q-U$M5Q�TIQ*u�,

0sdY��, KB,LM�HPO
menee(t′)

gk)*.<0!0*O .<0"R �P0��P0�R�R¡0
M^QsdIMNHoRL+�U*.JR�H�RLR¡Q�%

R Q�,jOkR¡0!0$M50!0�O�o�l�j(g1c b bkl^n l d$b[h�cet^b^'�\,J d¦0*O$K!' 0*O$M
JqKh)*OZM5mJ%

�/6 0qTt)*.!) #*#*%t2��
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� E ��" D � 8&A�A"8 "2! �(D��BE�� $�8 � / 0s0�+ .-HPd¦Q�+1Q .<0*)*u!0�RL+10

dfH�u�)*T/TÅ, R�H�Oi+10!�!0!d¦0!0 ,jTtgÄ0P, R�H�.<RJ,­%o%"%
ub = v + (W − w) · d
W =

d£HPu*)*O�.<0*O�+10��5)�)"R
v =

d£HPu*)*TtTt, R1HPO�O�U*.<U�,jO HPO�'�,/O�+10
w =

d£HPu*)*O�O�U*.<U�,/O HPO�us0�,jO K
d =

.-K5d�.¡HP,/O�'�U*T/T U"RLR-QkKhT H��!0*Oi+10!�!0sd³0�O .s,jT Kh'�,jOo+10
.�/6 0q.!)��P0�#*#*%t[��

F Q*'sQ*O3KhOsr�HPT/g 0!0�O�u!0*TI0�+10!0*O .<0*T � KB,jTtTW0�#"4&% V %t2¶%

� ?��5?5;âD �_8�$ ; �I:7�çD�;¥D A�E���C � � ,IHPd�d³QÄ+LH!, +1Q u�, +<. ,jO
.<0�,j. , RLR-0 .J0�)*u*)*OsrPHP, R�R¡0�g 0*'$M�KhTtTt, RJ,/g3g 0*O
T U*'�UJHoRL+-,À.<Q-U*gÄQo+S+1QVgi, RLR-Q!Q�O�.<0*'$M�HoR^+-,â%
lb =

RJ)*gkg 0

• dfHP, +-,jTtT H MSK �!0*TÅ, +S+<)NMNHPOÄ+LH!,LM�HPO�u�, +<)�)$M�HJ+

• dfHP, +-,jO .!)*gkg 0*T/T H�. ,jOVu!QsQ�+LHPu�, R^+LH�H�TtT H 5&)�g2, d$b
T U*'�U�,/g3g Q"R^+1QG+-,IHoR^+1Q�\�HJ+LH�H�O�u!Q�,jOsm

• dfHP, +-,jO )*T/.¡Khu*)"KhTt, RJ,/T/T HV.<0*)*u*)*O r�H!,jT/T H u*) KhT Ho+
��lHrmfHd h!bkl T U*'�U�,/g3g Q"R^+1QG+-,IHoR^+1Q�\�+LKB, RL+10
R<, R¡Q!Q*O^0B+LKB, R^+10�)*T K�R¡mJ%

�/6 0q.!)��P0�#*#*%/$%�
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• � 0NMNKB, +S+10*gi,jO HPOVu*)*dfH"H\��,IHPTWQÄ+LH�'"Kh.!.<0!0*gkgi,jO^0
MNK�R � HPd�d¦0�+10!0�O*.s,jO�hZ)Hu�u&l%l

g + menee(t)d¦0�+<.<0�, RJ)*O
pmin

'P,jO�+10!0�O�%

• menee(t)
g2,���gsg1t gT5 b6cpu�c h)b6cetHd)t

HPTt,
menee(t) ≤ +LK MPH�TtTt,/O HPO3HJ+1Q�, R^U�U"R

+-,jTI0*O�+LH�HoRL+10
t
TIQ*'�,jgku!QsQ*O T Khu�u*)�+-,jTI0*O�+LH�HoR1H�HPO�%

' )*)�+LHPOi+1Q*g QÄ+LH�'"K�RL+<)�R � KB,<M^Q�+S+1Q!Q
.<0"R �P0o+S+10*g 0�+S+10 R1HPO3HJ+^RJ, +�U*O�'!0*T �*,/gkgÄ0�O
d¦0�+<.<0�, RJ)*O��

• Q d�, +�U�, R�HoRL+-,5R<,/, R menee(t) = 0
.!)*O

t
+1Q<U�+S+1Q!Q

T KBu*u*) HP'$M�KBO�%

• Q RJ,/gGHPd�.s,j.<RJ, ��g2,pu�c gFd�52' qsr^b^'�,:8
menee(t) ≤meni(t, t′) + menee(t′)+10*.<0!0kKhuo+-,jgi, RJgi,jO�%

• Q +^RJ,/O�+1Q!0*T r�K5d�, +<gk,H� KB,¶, +^R1HP.s,/O�u!0*.¡KP+S+10s0
.¡KhT/gi, KBHPu!Q-U*'�+1Q*T ehO
� KB,/gÄ0s0*O�%
/ ,jTtT KB,/O�u�HoRLRJ,/gk, RL+-,/O HPO 0sd��sK

menee(t)
H!,�Kh'NM^0!0

HJ+^RJ,/O�+1Q!Q 
 HP,�K�,j.¡H 0!0*O3H!,/.JQ&�!Q!Qsd³Q!Q�O
RJ)*)*O�+10!0�O�%
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� �^���!E�� " ��E
BnB(t :

:<; �Å8hDhD�E
, g : R, h : R)

; !
;��

g + h
KBO�'!0*T �sHPgku�,¶.s)�,jO�d¦0�+<.<0�, RJ)*O

pmin'�,jOo+10 :Z�5EhD
; � +-,jTI0*O*O H

t
+1Q-U�+S+1Q!Q T Khu�u*) HP'$M�KhO :Z�5EhD

pmin
���

polku(t)E&� ! E
�S� � 8�� � +-,jTI0*O�+LH�HPO

t
TW0*u�R1HJ+

t′
.J0�R �!0!�!0"RLR-0

M^QsdIMNHoRL+�U*.JR�H�RLR¡Q 0!d���,IKB,NM�HPO
b =

min(menee(t′), h−meni(t, t′))
RJ)*'�+LH�HPO

�&�
BnB(t′, g + meni(t, t′), b)EBD � � � �

EBD��p; �
EhD�� ;�� �

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê �²�³Æ

  Ê þ­�^� ¤â¤ Ê ¢ Ê �f¤¥�f� �³¤�Ë ��� Æ

• Q +^RJ,/O�+1Q3KhOkRJ, +1Qi+LHP' Kh.!.<0!0�g3us0!0Vgi, +1Q
+10sd�.¡HPgkg 0*O30sdY��, KhO3Khu�+-,jgi, RL+-,/O HPO

menee(t)0*O�+10s0�%
� 0*O*O!0�+S+10s0iRJ,t, R �!0*TÅ, +10 g�5 b6cpu�c h!bid)c h!bkl
5 d�h h�cpu�c h!b6c h�cpt5%

• / K�RJ.!)"RÄ.¡H�.<RJ, +1Q!Q*O*.s,/O 5 d)okrHd
menee1(t), . . . ,meneek(t)Khu�+-,/gi, R^+-, R<,Å0 0sdY��, KB, M�,Å010�MSK�, R^+10�.!)*. ,jO3HPO*O*)"R^+10!0

'�U!��,jOi+-,IHJ+�U*O�TI0�, R<,Å0Ä+-,jTI0*O�+LH!, +10
t
g3)o+S+10

'*) KBO K�R^+-,çgk)�, +10�%
/ ,jTtT KB,/O�O�,/,NM�HPO�'�U!�!Q�+Gu*) KBT HJ+�� KB,NM50!0*OÄU*'$M�, R^+1Q!Q
menee(t) = max(menee1(t), . . . ,meneek(t)).

• R Q�,jO
� KB,LM*0!0*O
#�%ZKP+S+10!0ÄU*T HP, Ro.<Q-U�+S+LeB,jO"H�OkHJ+^RJ,/O�+1Q!0*T r�K5d�, +<gk,
2&%cR<, MNKB, +S+10s0iRJ,t,j' HPOi+LHP'�+1Q!�!Q*.¡Kh'�+10�, R1HJ+

T KBu*u*) HP'�+LK%QçML0 TW0"R^+LHPO*.<0"R �P0o+<)"R-0�Tt,IKB'NMNH�Ttg 0�+
V % Tt, R-Qo+1QkH�d�,jTI0�, R<,Å0 gi,IHPT H�HPOÄ+<)*T H���,Å0 0sdY��,IK�, M�,Å0
HPT/T HP,À.¡HP.JR<, +1Q_M1)*)*d�,5+1Q*'!Q�Oi+LHP'�+1Q!�!Q!Q*OiR�Khu�, �!0!0
HPd�,/.¡KB, R¡0*TIrPK�d�, +<gi,W0�%
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µ ∗ ¨^�LÐ¦¤Í� � Ê�Ê Ì � �����&�f¤¥�f� þ¥Ë ��� ñ
� 4�� � ∗ � M > G^@[< B=B 8Y@ F0?AF ? GHEF@ G#B

� 0*T � K1MNHPO [¶%t2 J O1J QSHJ+^R<,jO*O!Q�R�R¡Q ML0o+<.-K%�P0P,j'�+LK�HP'�+LK
�!0*Tt, +S+-,/,/O 51lHc���l�,9,pc h�d h!b6ccO�U*.<U�, R1HPOi+-,jTI0*O�+LH�HPO

tTW0�u"RJ, RL+10
t′
%

/ K�R �!0*Tt, +10!0*O*.s,/O 
&,eg21�l$l�,pc h)b6cc.<0�,/.!.s,IHPO&��,IHPTIQ
TW0�u"R1HJ+S+LKhgi, H�OiR�KhTtg3)²MSHPO_MSKB)*.¡K�RL+1010qO�,t,jOkR-0s0$M50!0*O
+LHP.¡K�Q*T U�0*TIrPK�d�, +<gi, 
 ∗ �9[ 0(T/)*.s)3n¶%Í# ML0 .!)!�!0kn¶% V �N%
F Q*g Q&� KB,NM50!0*OÄ+LH�'ZM5Q
�*, HPgÄQ�T/TWQVdfH�.s)*dfR<,IKB.!)�+^RJ)*O
R<, M^0"R^+10kR�H�O�u!0sd¦0*g HJ+<d�, + 〈

t′, g′, h′
〉 .<0*T � K1MNH�Ok2¶% V.¡HP.-K�KhOi0!�!0�,jg HPT/TI0

g′+h′
%

_ T/)�RL+10 .-HP.¡K
K

.¡KhT/gi,/.-KBT/TW0 〈t0,0,menee(t0)〉gi, RLR-Q
t0

KhO HJ+^R<,jO*OsQ*O 0*T/.!)o+-,jTW0�O*O H �� ��; �WE
K 6= ∅ �&�

X KB, R^+10 .¡H�K�R^+10
K

0��P0P,jg HPT +10!0*Oku�,IHPO�,/O 〈t, g, h〉 �; � +-,jTI0*O*O H
t
+LKP+LHP)�+S+10!0 T Khu*u*)"H�'ZM�KhO :]�5EBD

��E�: " �SD
polku(t)E&� ! E

�S� � 8�� � +-,jTI0*O�+LH�HPO
t
TW0*u�R1HJ+

t′
���

Y , R-Q!Q�.¡HP.¡KBKhO
K

.¡KhTtgi,j.!.¡K
〈

t′, g + a,min(menee(t′), h− a))
〉

gi, R�R¡Q
a = meni(t, t′)EBD � � � �

EBD��p; �
EhD�� � �B; �WE ���E*: " �SD �²F HP'�+1Q��PQ�T/TWQkH!,�KhT HVd³0o+<.J0P, RJ)NM^0��:�¡%
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µ ∗ ¨^�LÐ¦¤Í� � Ê�Ê Ì � �����&�f¤¥�f� þ¥Ë ��� ñ
(a) The initial state

(b) After expanding Arad

(c) After expanding Sibiu

Zerind

Arad

Sibiu Timisoara

447=118+329 449=75+374393=140+253

Arad

366=0+366

(d) After expanding Rimnicu Vilcea

(e) After expanding Fagaras

(f) After expanding Pitesti

Zerind

Arad

Sibiu

Arad

Timisoara

Rimnicu VilceaFagaras Oradea

447=118+329 449=75+374

646=280+366 413=220+193415=239+176 671=291+380

Zerind

Arad

Sibiu

Arad

Timisoara

Fagaras Oradea

447=118+329 449=75+374

646=280+366 415=239+176

Rimnicu Vilcea

Craiova Pitesti Sibiu

526=366+160 553=300+253417=317+100

671=291+380

Zerind

Arad

Sibiu

Arad

Timisoara

Sibiu Bucharest

Rimnicu VilceaFagaras Oradea

Craiova Pitesti Sibiu

447=118+329 449=75+374

646=280+366

591=338+253 450=450+0 526=366+160 553=300+253417=317+100

671=291+380

Zerind

Arad

Sibiu

Arad

Timisoara

Sibiu Bucharest

Rimnicu VilceaFagaras Oradea

Craiova Pitesti Sibiu

Bucharest Craiova Rimnicu Vilcea

418=418+0

447=118+329 449=75+374

646=280+366

591=338+253 450=450+0 526=366+160 553=300+253

615=455+160 607=414+193

671=291+380
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µ ∗ ¨^�LÐ¦¤Í� � Ê�Ê Ì � �����&�f¤¥�f� þ¥Ë ��� ñ

+ � l$o�l!h&u&lHrHfHg2,�,ecptHd)t�O!Q�,NM�HPO�uPHPd�,W0!0�+S+LH!,LMPH�O
gk)*.<0�,jO"H�OkHJ+^RJ,/O�+1Q!0*T r�K5d�, +<gk, ]
/ K�R +LKB,jO"H�O�.s,jO 0*T r�K5d�, +<gk, 
 ′

• +LKB,/gk,t,¶TW0s0NMNH�Oo+10*g 0*T/TI0iKBu�HPd¦0!0�+-,IKBu�KhTt.!)NM^0
t0

op1−−→ t1
op2−−→ t2

op3−−→ · · · opm−−−→ tm

• +LHP.¡H"H TW0s0NMNH�O�O*)"RJu!Q!Q�+Leh.<R1HJ+ T/)!�*)�,/T/TI0

menee(tm, tm+1) +
∑

0≤i<m

meni(ti, ti+1)

• T e"U�+1Q!Q 0�,/O!0�u!0sd�'s0!0*O�uPKhTt)*O
O�,t,jO 
 ′ .JQ�RJ, +S+LH�T H�H \�KhT H�H�TtTt, R1HoR^+-,Åm 0�,/O!0*.s,/OiU*'�+1Q
RJ)*)*dfH�O�u�KhTt.!)*u*)�)*O�.!)�,/O 
 ∗ %

− ' )�+<.s,j.s.J0s0*gku�,5Kh'NMNHPT/g KB,LM*0 .!)�,jO�.<0*T �sK�MSHPO\[¶%t2
d¦0NMNKB, +S+10!�!0kHJ+^R<,jO�+1Q�%
� H�.¡K K

.J0�R �!0!0SM!U*O!0s0*gi, R�H�R^+-,¶.<0*T �sK�MSHPOk2¶% V %Ån+10*u!0s0*O�%

− � )*T/)�+S+10s0�u!0*T MNKhOi+�UJehgk)�, R^+-,Å0��
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©���µ ∗ ¨^¢�Ë²ã�Ë²�há�� �¥¤Í� �����hµ ∗ ��� ô
� 4 = ��� � ∗ � C%B @0BA< LA@CEHG1@ F0? F � ∗

� 0*T � K1MNHPO [¶% V 0�TIr�K5d�, +<gi, R^+10 
 ∗ KBO�.¡HP'�, +LHo+S+�U
HPO HPgkgÄQ�O 0�,/.<0!0 gk)�+S+10&�!Q*' HPgkgÄQ�OVgk)�, R^+-,Å0
.!)*Tt)�+S+10!��,Å0&� HPdÍRJ, KB, +10�%

R ,/, R^+1QiU*.JR<,jO�.-HPd�+10�, R<,jOkKhO big1c h!bkl^n l!h!b6cmh6q n�d)t^b^'^n�' 
 ∗\ I +LHPd¦0�+-, � H � H�HPuPH�OP,jOsr 
 ∗ 0 ? � 
 ∗ m�]

• Q +^RJ, +1Q!Q*O�dfHP.!)*dÍRJ,t, ��, R�HoRL+-,

• .!)*O�O HoR�q�,pc bid$b^'�'Ht d)tmt�l�, bklUl!h(d$bid$b b*)
rmcet^bkl��6l$o n(ceg%o�l�j�l

fmin

\�+10�,ÀT e U$M�HJ+1Q!Q�O�d¦0�+<.<0�, RJ)!mJ%

• / 0*g 0*TtTW0VT e"U�+�U�U�uP,IHPO�,jO
f ′min > fmin

0�MNKhT/TI0
HJ+^RJ,/O�+1Q3KBTt, R<,1��,IHPTWQ_M^0�+<.!)*O*)o+o%

• Q +^RJ, +1Q!Q*O�l�, )!h!bkl
l�,9��l%dZt )�)HfHd#,�, d)d)t d³0²ML0s0*O
f ′min

%

�9[ 0&R<, �*)�+N[�[ �&[5$�M^0 #"4&#ÄR1HP.<Q�.!)��P0 V %�#)R%�
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê �²�³ð

©���µ ∗ ¨^¢�Ë²ã�Ë²�há�� �¥¤Í� �����hµ ∗ ��� ô
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©���µ ∗ ¨^¢�Ë²ã�Ë²�há�� �¥¤Í� �����hµ ∗ ��� ô

f ′min
���

0 �� ��; �WE
f ′min < +∞ �&�

fmin
���

f ′min � f ′min
���

+∞ �
DLS(t0,0)EhD�� � �B; �WE �Y Khu�HJ+10 .-KB.-K�HJ+^R<,jO�+1Q .-KPRo.<0�d¦0�+<.<0�, Ro)!0kH!,�KhT H �

� �^���!E�� " ��E
DLS(t :

:J; �Å8&DhD5E
, g : N)

; !
h

���
menee(t) �;��

g + h > fmin
:]�5EBD

f ′min
���

min(f ′min, g + h)E�� ! E ;�� +-,/TW0*O*O"H
t
+1Q-U�+S+1Q!QVT Khu�u*) HP'$M�KhO :Z�5EhD

Y KhuPHJ+10�.¡Kh.¡K�HJ+^RJ,/O�+1Q d¦0�+<.<0�, RJ)*)*O
polku(t)E�� ! E

�S� � 8�� � +-,jTI0*O�+LH�HPO
t
TW0�u"R1HJ+

t′
�&�

DLS(t′, g + meni(t, t′))EBD�� �S� �
EhD�� ;�� �

• / K�R menee(t′)
KhO 0�,jO!0

0
0qO�,/,/O , +LHPd³0o+-,/, ��, R1HoR^+-,

R^U)� HPO�+1Q!�!QkHP, Q¡'"H�)�d�, RL+-,/O HPO�uPHPd�)�Ro'!0�.!)�%

• X ,IHPO HPgku�,*U*TWQsd³0²ML0
η
.!)�,jO

+∞� ��; �WE QNR<,jTtg3)�.J0�R�R¡0�.J0o+<.J0P, R�H"H .¡Kh.¡K�Ho+^R<,jO�O!Q*O
0*TtT H 'P,jO�+10!0�O

η
%
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©���µ ∗ ¨^¢�Ë²ã�Ë²�há�� �¥¤Í� �����hµ ∗ ��� ô

+
/ K�R�KhO�d¦0�+<.<0�, RJ)NM^0^0çO�,/,/O ? � 
 ∗ T e"U�+1Q!Q�us0!d�'!0!0�O�%

+ ' )�, R^+-, RLR-0�\LdfHP.!)*dÍRJ, Khu�,jO"K�R�R¡0!m KhO
�!0�,/OkU*.JR<,
uPKhT/.!)�.¡HPd�d¦0*TtTW0!0*O5%

+
aqH�Ttu*uPK�Kh'NMNHPT/g KB,NM50�%

� � 0*T � K1MNHPO [¶% V 0�TIr�K5d�, +<gi,jO 
 ∗ H)MB)�+ ,jTtg 0*O
'!0�, +S+LK1M^0�%

� / , +1QÄ+LHP' Kh.!.<0!0*gku�,&gi, +1Q&�!Q*'"H�gkg Q*OiHPd�,/TW0�, RJ,W0
0sdY� K1M^0

(g + h)
HoR<,/,jOo+�U�Uo%

− � KB,�KhTtTW03KhOsr�HPTtgÄ0 TÅ,j)*.s)*T/)*.s)*'�,jO�O KB,jTtTW0�%

+ � ,jT/us0�,jTt)�, RLR-0kKhO�\�U*T H�HPO"R-QsmG.¡Kh.¡KhO!0P, RJT/)!�*)�+o%

− F_)"KP+S+10!0kR¡0*g 0*OÄ+-,/TW0*O�+LH�HPO
t
TI0*u"R�HJ+

t′
g KhOo+10

HPd�,À.¡HPd�+10!0�%

• 2 Osr�HPTtgÄ0&�!0�,/O MNK�RÄu�)*)"RLR-0�us0*T MNKhO
1
Q1TW0*u�RJ, RJ,W0kR�KhT/gk)NM^0�%

• ' )*)�+LHPOi+LKB, RL+LKBO�TÅ, R¡Qsd³0"R<, +LHiHJ+LHPO HPgi, R^+1Q
u�, H�O"H�gku�,­%
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 � 	 �&� �&��� � 
 ��� ��� ����� 
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��#m0qTÅ,/, +LH J@%Ån M^0 .!)!�!0 J@%t2 �¶[ 0qT/)�.!) $%�

• 4 d)oS����g \²rBd¦0*u*'sm
G

.¡KBK�R^+<)*) 2�MNKh)*.¡K�R^+10^]
� � � $ " �^EhD \LO KFM�Hm0 � H�d�+LH�� ∗ mqMSKB)*.¡K�RL+10 V (G)

%
2 T HJ+10*gkg HGR�KhTtg3)o+
O*)*g HPdfKB,LMB)P,j.JR<,

1,2,3, . . . , |V (G)| %

� 8�8���:¡EBD \�H)M*r�Hm0ÿ0!d[K"m
MNKh)*.¡K�R^+10

E(G) ⊆ V (G)× V (G)
%

P ` .JRJ,¶.<0!0sd�, 〈p, q〉 ∈ E(G)
KhO3R<,/, R
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	*C*:VA"8�8���:¡EhD � ;Å: "�" A ! ;/8 O�,/,/O
� KB,LM*0!0*O�u*)*'*)s03R1KBT/gk)NMNHPO
�!Q*Tt, RJ, RL+1Q
d$b^'Hc h6q!q���h�c h)b^'VuPKhT/.s)NM^0�u�, +<.s,jO�%
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P Y , R¡Q*.JR<,¶.s,t,jO*O KPRL+10!0

m =
u�, HPO�,jO

alku[v]
MNKh.<0

T e"U�+�U"U�.s)*T/.¡HPg 0*T/TI0kHPO"R<,jO�u*)*)�.J0s0!d�,Å0 0*TI0"R M^0
R<, +S+LHPOiU*'�+1QÄ+10*.<0*.<0!0sdÍ+10 U*T e�Ri\jMNK�R R1HPT/TI0�,jO"H�O
KhO!mJ%

P � KhgkuPKhO HPO�+S+-,
��8
	*8B;Å:-8�8&D HP'$MPK�RL+10

m = alku[u]
\Ld�, ��,ç#on�m

: " �:� ! :-E�:-8�8&D .<Q-U�+S+1Q HPO�\N0*T/)�.JRJ,5+�U*'NM^Q!Q!m
0�u*)*u�,/O K�0

S
%
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� " D �s:J;9�çD
SCC(u : V (G))

; !
���

tummuus[u]
���

MUSTA �
���

kello
���

kello+1 �
���

alku[u]
���

kello �
� �

m
���

alku[u] �
� �

PUSH(S, u) �
��� �S� � 8 � �

u −→ v ∈ E(G)
���

	 � ; �
tummuus[v] = VALKEA

:Z�5EhD

��

m′ ��� SCC(v)
��� E&� ! E
�
���

m′ ��� alku[v]
� ��� EBD���; � �
�
���

m
���

min(m, m′)
�
��� EBD�� � � � �
� � � ; �

m = alku[u]
:]�5EBD

� � � ��E � E585:
�
���

t
���

POP(S) �
� 	 �

alku[t]
���

+∞ �
�

�� F_)*T K�RL+10 � / KhT/gk)

t
.s)*)*T/)�)3R�KhTtg3)�O

u.-KBg3uPKhO HPO�+S+-,t,jO�%-�
�
��� " D*:<; �

t = u �
� ��� EBD���;�� �
� ��� ��E�: " �SD

m
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• / HP)*d¦0!0!�!0"RLR-0 .!)!�!0"RLR-0kKhO3H�R<,jg HPd�.!.s, � HPd�.!.¡K 0
MNK�RLR-0
P R�KhT/gk)�+ KhO�.<Q"R<, +LHPT +�U 0!0*.!.¡K�RÍM^QsdIMNHoRL+�U*.JR�H�RLR¡Q
P u*)*)�.J0s0!dfHJ+ KhO�u�,t,jd�d£HJ+S+�UiU5'o+LH�OsQ�, R<,jTtTWQ�O�) KhTt,/T/TI0
P gk)*)�+ .<0!0sd£HJ+ KBO�uP,/,jd�dfHo+S+�U�u�, RL+LHPO*) KBTt,jTtTW0�%

• / KhTtg3)P,jT/T HÄR-0s0$M50!0*OiR1HP)*d¦0!0!�!0�+ 0sd��sK!+�]
A B C D E F G H I J K L M

e 1 2 7 5 4 3 6 12 13 8 9 10 11
m 1 2 1 3 3 3 1 12 12 6 9 6 8

• a ) Khg 0!0^] / KhTtgk)*O
H

0!d�� Kh.JR<,
m

+<)*Tt,
alku[H] = 12

H!,j.<Q

alku[G] = 6.¡K�RJ.J0kR�KhT/gk)
G

KhO MNK T/) Kh. , +LHPT +<)kH�O�O HPO�.!)�,/O
R�KhT/gk)!0

H
.<Q"R<, +LHPT/TIQ!Q*O^0oMNKP+LHPO3R<,jTtTWQ ' HJ+<.-HPTtTWQ

KhO*. ,jO

alku[G] = +∞.
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� ��� ��� � ! ; $ E��^A5A�; � � 8 ��8hD&A�E�� "�"

/ )*)*O�O!0�+<)*O�� HPd�.-KBO
G

MNKh.<0�, R1HoRLR-0
R�KhT/gk)"RLR-0

u ∈ V (G)
KhO

saalis[u]
.s)*T +10sd¦0*'!0!0�%

� HPd�.¡KhO�.<0!0sd�,/T/TI03H)M�HJ+1Q!Q*O O*)"KhT HPO3RJ)*)*O�+10s0*O�%
' KhO�+10*.¡K .s)*T +10sd¦0*'!0!0ÄU*'�+LH�HPO"R¡Q�� KB,¶.¡HPd³Q�+1Q �

#*% Y 0"RJ.-HJ+10!0�O
GSCC R<, +LHPO^0¶HJ+S+1QiR-0*g 0*TtTW0

TW0�Ro.¡HJ+10!0*O
saalis[C] =

∑

u∈C

saalis[u]

MNKh.<0�, R�HPT/T HV.-KBg3uPKhO HPO�+-,/T/T H
C ∈ V (GSCC)

%
aqKB, +<)*)�TW0"RJ.!)*dfH!,jT/TI0

saalis[juuri[u]]
%

2¶% � Q<U$M5QsQ*O�.-KBg3uPKhO HPO�+-, +
C ∈ V (GSCC)

TIQ*u�,
.<Q!Q*O�+LH!, R1HoRLR-QÄ+LKhu�KBT K5r�, R1HoRLR-0 M^QsdIMNHoR^+�U*.JR�HoR�R¡Q_M^0
TW0�Ro.¡HJ+10!0*O

tulos[C] = saalis[C]+

max
{

tulos[C ′] : C −→ C ′ ∈ E(GSCC)
}

MNKh.<03KhO�O�U�+ '�U!��,jO�g Q!Qsd�, +LHPT +�Uo%

V % � 0"R^+10�+10!0*OiRo)*)�d�,/O�OsQ�,jOkR¡0!0�+<)
tulos[C]

%
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� 4�� > B >A@ K�B :0F G^@ 8 ?%C%?O: E1E�L L F F=B=E1E1B

� HPd�.¡KhO
G
, d%n(d q%h h])
)�t^bklHcpt�dZt+,-'65sc���' qst^b6c

\,J dfHs0ZM!+<'�Q.-ç,jdÍRL+ / Hs0sd[K!'!m R¡0!0$M*0!0*O�.<0*T � K1MNH�Ok[¶%Ån
R^U)��U�U"R�RJ)*)*Oo+10�, R�HoRL+10iRJ, +LH�O10¶HJ+S+1Q�'!0sd�g 0!0�+bR�KhTtg3)o+
��,IH)M5Q!Q�O*.s,jO�\Ld£HP.!)�dfR<,IK�m-uP,jO KhOkRJ, ML0�RL+10 .J0�T � K1MNHPO32¶%t2
j(g1tHgsg1t5%

• _ Tt.!)�Q(M^0�T Khu*u*)s0NMNKB,jTtTW03H!,�H�OsQ!Q3KhT HÄR1HPTt.-H Q!Q
+<)*Tt.s,jO�+10s0^0�M^Q�+LHJ+1Q!Q*O O HVuPKB, R�%

• X KhT/.!)
u←− π[u]←− π[π[u]]←− π[π[π[u]]]←− · · · ←− uKhO \�HPd¦Q"R¡m�n�'HrT'T��l$l$okc h�cpt�uPKhT/.!)

TWQ�'�+Le�R�KhT/gk)"R^+10
s
R�KhT/gk)*)�O

u
%

• / 0*g 0*TtTW0\�sK�,LM50!0�O�TI0"RJ.-H 0 ' HPT/uPK�RL+-,
syvyys[u] =

+1Q*g Q*OVu�KhTt)*O�u�, +<)*)"R�%

• Y H��sHJU"RLRo)*)�O�+10�, R^+10�TIQ*u�,/.JQ-U*O�+-,WQkR�K�� H�TtT HJ+10!0*O�.s,jO
R<,jT/T KB,jO10 .s)*O�'!0*T/)o+10!0*O�T e"U"+1QsQ�g 0*'$M�KBT/Tt, RJ,/gkgÄ0�O
RJ) K5d�,W0�d£H!, +S+LH²M^QVTWQ*'o+Le�R1KBT/gk)"R^+10

s
gk)*)!0*TtT H

� HPd�.!.¡K�KhO�%

��#m0qTt)*.!)32*2¶%t2 M^0�.s)!�!032*2¶% V �À6 0&R<, �*)�+Ä#"6mR �ç#"6�[��
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��� �������	��
���� � 
�
���
�� ��
���
�� ��������������
��	����� 
�
�� � 
 ��� �

�^Ë�Ð²� ÎfËfÏ²�¦¤Í��Ì �£¢��£Ï³�|�£á²á²�N� Ê �|� Ê ð�� ó
� �^���!E�� " ��E

BFS(G :
	�E��^A5A]�

, s :
! � � $ "

)
; !

� � � 8 � �
r ∈ V (G) \ {s} ���

tummuus[r]
���

VALKEA �
syvyys[s]

���
+∞ �

π[r]
]��

NULLEhD�� � � � �
tummuus[s]

���
HARMAA �

syvyys[s]
���

0 �
π[s]

]��
NULL

�

_ T/)�RL+10Ä+�UJe1MNKhO K
Q

R�KhT/gk)*TtTW0
s �� ��; �WE MNKhO"K�R�R¡0

Q
KhOiU*'!QkR1KhTtgk)NM^0 ���

X KB, R^+10 MNKhO KhO
Q

0*Tt)"RL+10iR1KBT/gk)
u �

�S� � 8�� �
u −→ v ∈ E(G)

MNKhTtTW0
tummuus[v] = VALKEA

�&�
tummuus[v]

���
HARMAA �

syvyys[v]
���

syvyys[u] + 1 �
π[v]

���
u �Y , R¡Q!QkR�KhTtg3)

v
MNKhO KhO

Q
T Khu*u*)�)*O

EBD�� �S� � �
tummuus[u]

���
MUSTAEhD�� � �B; �WE �

` .<RJ,/O*.¡H�d�+10�, RL+<)"R!] tummuus[v] = VALKEAMSKPRcM^0
�!0�,jO MNK�R
syvyys[v] = +∞MSKPRcM^0
�!0�,jO MNK�R
v 6= s

8hD �
π[v] = NULL .
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• � )*O�� HPd�.¡KhO G
\L.<0*T �sK�,jT +10k[�m .J0s0!dfHPO3KhO

51lHcetHgsbid$b b*) 5sc b*)�)���h�c�,�,Llm0F� KB,LM*0!0*O�TW0"RJ.¡H 0
HPd�,/TW0�, RJ,W0�dfH!, +S+LH�M^Q^]
�I?��5?5; $ � ;jC .!)�+LHPO�.<0*T �sK�,jT/TI0 $&%�#
�²;j;t:1:-C
	5;jC .!)�+LHPO�.J0�T � KB,jTtTW03$&% V

• � )*O�u!0�,/O KP+ K��!0�+<.s,/O���l651l!h�c bid!d$b bid�j�lm0çO�,t,jO
� KB,LM*0!0*O�TW0"RJ.¡H 0�O�,t,LM�HPOiU*'�+LH!,jO HPO
A]�(A]�(D�8�; ! A"8 � 8 ! ;Å:¡E5E�:1:<; .s)�+LHPO�.<0*T � KB,jTtTW03$&%ÅnÀ%
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� 463 >5:0@ : @[< <9@CEHG�B > M58OLA@CEHGHB

• _ O*O"Ho+S+<)1]
P \�RJ)*)*O*O!0o+S+<)k+10P,�RJ)*)*O�+10s0*g 0�+LKhO!m5� HPd�.!.¡K

G

P MNKhO*.<0 MNKh.<0�, R1HPTtTW0�.<0!0sdfHPT/TW0
u

w−→ v ∈ E(G)
KhO

5sc b*)
)!h
w
t2)Hu
d)okgmt�l*%

• a 0*T/)�+10s0*O�TI0"Ro.¡H 0kR�HP)*d¦0!0!�!0!0^]
P _ O*O"Ho+10s0*O
��,IHPTIQ�,:'�r^bS8Zh(g2,pu ) p0 ∈ V (G)

M^0
��g1rmfHd h(g2,pu )

pm ∈ V (G)
%

P Y 0"RJ.-HVT U*'�U�,jO�u�KBT/.!)
p0

w1−−→ p1
w2−−→ p2

w3−−→ · · · wm−−→ pm

P M^0kR�HPO�uP, +<)*)"R
δ(p0, pm) = w1 + w2 + w3 + · · ·+ wm.

• / K�R � H�d�.¡K�RLR-0 G
KhO�tHd 
sl1b6cpc n(cptHd)t+��d)rT'

p0
w1−−→ p1

w2−−→ p2
w3−−→ · · · wm−−→ pm

w0−−→ p0

w1 + w2 + w3 + · · ·+ wm + w0 < 0O�,t,jO
δ(p0, p0) = −∞ %
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�G; �-A ! :Z��8hD 0*T r�K5d�, +<gk,¶\L.J0�T � KP+ $&%�#*%�# m�]

• Y Q*'$M�HJ+1Q!Q�O�qFrHfHd h)b^' TWQ*'o+Le�R1KBT/gk)"R^+10
s
%

• a 0*T/)�+10s0*OkHJ+1Q�, R^U�U%MPHo+
δ(s, u)

\jM^0�uPKhT/)�+1m
��lHc��6�%cpcet u )�cprmcet3R1KhTtgk)*'�,jO

u ∈ V (G)
%

• � ,IHPT/T Ho+1QsQ*O O H"r50�+-,t, ��, R�HJ+ ��l%lZo d$b
wi < 0

%

• Q RJ,/gGHPd�.!.s, ] Y 0"Ro.¡HiHJ+1Q�, RLU�U$M�HJ+Ga HPT R<,jO r�, R^+1Q
.<0�,j.s.s,/,/O g3)P,j'�,/O / ) Khg HPO�.<0*)�u*)*O*.¡H!,j'�,/O�%

� �-��? �&;¥D 0*TIr�K5d�, +<gi,À\L.<0*T �sK!+ $&%�#*%t2�m�]

• a 0*T/)�+10s0*OkHJ+1Q�, R^U�U%MPHo+
δ(p, q)

\jML0 u�KBT/)�+1m
j(g2��lHc h(d h)bklÄR�KhT/gk)"R^+10

p ∈ V (G)
j�g
��l�c h(d)d)t

gk)*)*'*)�O3R�KhTtg3)�)*O
p ∈ V (G)

%

• � ,IHPT/T Ho+1QsQ*O O H"r50�+-,t, ��, R�HJ+ ��d)rT'1b \L.<0!0sd�,Å0kR¡0!0
KhTtTW0!mJ%

• Q RJ,/gGHPd�.!.s, ] Y 0"Ro.¡H\�!Q*TÅ,jg 0�+<.<0�+10*)*Tt)*.!.¡K
.<0�,j.s.s,IHPO / ) Khg HPO�.<0*)�u*)*O*.s, HPO��!Q*TÅ,jTtTWQ�%
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• / 0*g 0 +10!� KB, +LH .!)�,/OV�b, M¡.<RL+<d¦0*O 0�TIr�K5d�, +<gi, RLR-05%

• � l�,9,pc bkl$lHt�g�Uoe�R O H"r50o+-,/, ��, R1HJ+G.¡HP'!Q�+ \jM^0
.<0!0sd£HJ+1mJ%
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��#m0qTt)*.!)32�nÀ% V M^0�.s)!�!032�nÀ%/6 �À6 0qTt)*.!) $&% V �

• / K�R�HJ+1Q�, R^U�U%MPHo+ K��!0�+G.¡Kh.¡KhO!0�, RoTt)*.!)NM^0
wi ≥ 1

0
O�,t,jOVT U*'�U�,jgkg Q�+ u�KBT/)�+ 0*Tt.!)"R�KhT/gk)"R^+10

s
� KB,NM50!0*O

T e"U�+1Q!QiR1HP)*d¦0!0!�!0"R^+-,;]
#�% � K5d��P0o+10!0*O_MNKh.<0�,jO"H�O 0*Tt.!)*uPHPd³Q�,/O HPO�.<0!0sd�,

u
w−→ v ∈ E(G).¡Kh.¡KhO!0�, R1HPTtTW0�uPKhTt)*T/TI0

u

w
�����M��"#��"I�! ('I�+'
 ��J" � "I"(� �J"

︷ ︸︸ ︷

−→ © −→© −→ · · · −→ ©
︸ ︷︷ ︸

w − 1
�����M��"������ �!�J'�K N �I"

−→ v.

2&% / K�� HPT/T Ho+10s0*O .<0*T � K1MNHPO3[¶%pR T H��sHJU"RLRo)*)�O�+10�, R^+10
TWQ�u�,j.<Q-U*O�+-,ÅQ O!QP,jOkR-0s0�+<)*)*O+, l^n�d)tmtHd$b b*)
)Ht
� HPd�.!.¡K�KhO

G′
%

• F Q*g Q*O(��d¦0�+<.<0�, RJ)*O]� KhOsr�HPTtgk,W0^]
P / )*)*d�,jTtTW0

w
+LKB, � KP+S+LKhg 0*O '�,NM50"RcM^0

gk)�, R^+-, R^UoeBu*u�e&%
P Q O�+1Q gk)*)*O*TI0�, R�HJ+Gu!0�,/O KP+

w
�
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• F Q*g Q(��d³0o+<.J0P, RJ)]���!Qsd MLQsQ+, l^n�d)tmtHd$b*)Ht
� HPd�.¡KhO

G′
R�KhT/gk)NM^0

p ∈ V (G′)
$ "2! :-8 .JR<,

.¡HPO�+S+-,IHPO
syvyys[p]

gk)*.<0!0*O .<0"R �!0!�!0"R�R¡0
M^QsdIMNHoRL+�U*.JR�H�RLR¡Q�%

• F Q*g Q(��d³0o+<.J0P, RJ)]���!Qsd MLQsQ l�,��T);5 d)o 'Hc h(d)t
� HPd�.¡KhO

G
R�KhTtg3)²ML0

q ∈ V (G) ⊆ V (G′)$ "2! :-8 .JR<,À.¡HPO�+S+-, H�O
syvyys[q]

g3)�.J0s0*O
.<0"R �P0��P0�R�R¡0 M^QsdIMNHoR^+�U*.JR�HoR�R¡Q�%

• F Q*g Q(��d³0o+<.J0P, RJ)]�G+10�.J0s0
syvyys[q] = δ(s, q)R�H�O�u�HPd�)"RL+LH�HPT/TI0^0(gi, +LHPO 0*Tt.!)*uPH�d¦Q�,/O HPO

� HPd�.!.¡K
G

TW0��sHPO*O"Ho+S+-,t,jO&�sHPd�.¡Kh.JR<,
G′

%

• _ Tt.!)*uPH�d¦Q�, R1HJ+ R�KhT/gk)�+
q
�!QsdIM^Q�+1Q!Q�O $ "2! :-8 .JRJ,

R¡0*g 0"R�R¡0_M^QsdIMNHoRL+�U*.JR�H�RLR¡Q
P MNK�R R�HP)*d³0s0!�!0*.JR<,m�!Q!d M^Q�+1Q!Q*OVO�,t, R^+1Q3R�Hm0
MNKhO*.<0

matka[q] = syvyys[q]
KhO 5sced)tmcet

g 0*'$M�KBT/Tt,/O HPO
P ,jTtg 0*OÄ+10sd�uPH�Ho+S+LKBgk,W0
�!Q*Tt, R1KBT/gk)NM^0

V (G′) \ V (G)

P g�Uoe�R gk)*)*O�TW0�, RJ,/T/T H .<0!0sd�,/u!0�,/O KB,jTtT H ≥ 0
%
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• � 0�,j'o+LKBHP'�+LKB,/O HPOi+10*u!0�'s0*'*g KP+S+10!0+�b, M1.JR^+<d¦0*O
0*T r�K5d�, +<gk, ]

P / KhTtg3)o+ K%�P0o+G.<0*)*u*)*O�.-H�M^0^0(.J0s0!dfHJ+ +LHP, +1Q
O!0!0�u*)*d�,j.<0*)*u*)�O*.s,IHPO&�PQ�Tt,jTtTWQ�%

P � )*O�,jO r50"RÄ'!0�T/)!0!0 TWQ*'"Ho+S+1QsQ
u!Q!Q�.J0�)*u*)*Osr�, R^+10!0*O

s
��, H�R^+-,jO g 0!0*O"R¡0

.<0�,j.s.s,/,/O .-KBT/.!.s,t,jO�%

P � , H�R^+-,jO��*, H�MLQo+G.s)*T/.¡H��!0�+
∗ .<0*)�u*)*Osr�, RL+10i+LKB, R1H�HPOi+LH!, +1Q�u�, +<.s,jO

∗ .¡HoRJ.-HPO!QsQ*OkR¡0*g 0*T/TI0 O"Khu�HP)$MPH�TtTW0
c
.!g\T�'�%

P � )*O�,jO r50"RÄTIQ*' HJ+S+1Q!QÄU*'�+1Q 0P,j.<0!0
u!Q!Q�.J0�)*u*)*Osr�, R^+10

s
��,IHoR^+-,jO!��,IH�M^Q*OiR�HPO

MNKh.<0�, R�H�HPO�O!0!0�u*)*d�,j.<0*)*u*)�O*.s,/,/O�%

P � )*O�,jO r50"RÄu!QP, �!Q!Q�OsQ�,j'�,/O
�*, HoRL+LH!,j'P,jO�OP,/,LMPH�O
U*'�+LH!, R�HPO�TWQ�' HJ+S+1Q*gi, RJ' HJ+<.-HPO

t
%
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• �b, M1.JR^+<d³0�O 0*T r�K5d�, +<gk,/O '!0*'*g KP+<)�R)0�ML0o+<.-K50�%o%�%
P � )*O
�*, HoRL+-,/O!��,IH�M^Q x

R-0s0*u*)*)�.<0*)*u*)�O*.s,/,/O
u
0

O�,t,jO�'!Q*O�.<U"R^U"UkR�HPO 0"Ro)�.!.<0�,jT +10(� 2 T Ho+S+LHP.¡K
MNK .!)�)*T/T H"HJ+G.s)*O�,jO�.J0s0*O
�*, HoRL+-,/O��]�
�@; � R<,jTtg Q*O*d¦Q*u!Q-U*.JR1HoRLR-Q

x

∗ .!)*)�T/)�+S+10!0&��,IHoRL+-,/O�.<0�,/.s,jTtT Hk0"Ro)�.!.<0�,jTtT H

∗ �!QsdY�!Q!Q ' H!, RL+1Q�)*)$MPHo+ ��,IHoR^+-,jO!��,IH�M^Q�+
U*'$M�HPObMNKh.<0�, R1HPT/T H +1Q�RL+1Q .J0�)*u*)*Osr�, R^+10
��,IH��!Q*T/T H +-,IHPT/T H

∗ TWQ�' HJ+S+1Q!Q ' H!,LM5Qo+Gg 0�+<.<0!0*O�%

� ?�� �tC \�HPTÅ,<MSKB.!)i+LKB,jO HPO
��,IHoR^+-,jO!��,IH�M^Q
y
KBO

HP'�+-,/O�U�+b+1Q*O*O"HiH�O�RJ,/O!m�]
x
H!,5+LH"HVgi, +1Q!Q*O�%

R U"+ x
R-0s0�T H��!Q�+1Q^0B+�Uoe�KhO�'!Q�O HPO KPR-0*T +10!0*O

Kh'�,­%
P � 0*)*u*)*O r�,jO u

HJ+1Q�, RLU�U"R u!Q!Q*.<0*)�u*)*Osr�, RL+10
sKhOkR<,jT/T KB,jOi+-, Ho+LHPO*. ,jO

c · (tu − t)gi, RLR-Q
tu

KhO3R�HV' HJ+<.s,;0�MNKhT/T KB,jOkR�H�O 0"RJ)*.!.<0!0o+
.!)*)�Tt, �!0�+ .!)�O�,jO*.<0!0�O���, H�R^+-,jOkHPO"RJ,/gkgÄQP, R�H�O
.¡HPd�d¦0*O�%
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• R U"+ �b, M1.JR^+<d³0�O 0*TIr�K5d�, +<gi,jO&� KB,À'!0*'*g KP+S+10s0
+1Q*g Q*O&��,IHoR^+-,jO!��, H�O�O�,jOkR<,jgk)*TW0s0�+-,IKhOs0^]
P / ,jgk)*TI0!0�+-, KhO . ,/,jO�O K�R^+10!�!0�+�0NM^0*O*'"Ho+<.¡HJ+ K��!0�+

O!Q*g QkHPd�,À.¡HPT/T KhO!0NM^0�+
tu
%

P � )*O3H�O�RJ,/g3g Q�,/O HPOiR¡0*O!0�O"R-0s0�+S+10NM^0
xR¡0!0*u*)*)�.<0*)*u�)*O*.s,t,jO

u
0qO�,t,jO
� KB,LM50s0*O�TI0"Ro.¡H 0^0

gi,jTtT KB,/O '!Q*O HPO
�!Q!d��!Q!Q*g Q*O"R¡Q
R¡0*O!0*O"R¡0!0�+S+10²ML0

z
R-0s0!�*)�+S+10!0kKhg 0*O

.¡Kh'$M�HP.<0*)*u�)*O*.s,/O"R-0
v
]

tu +
w(u, v)

c
.

P R Q�,jTtTWQ�TI0"RJ.-HPTtgk,/T/TI0&� KB,NM50!0*O u�, +1Q!QÄU*T/TWQ_M^0
u!0sd¦0*O�+10!0 0sd��*, KB, +10

dv =
gi,/T/T K�,jO .!)*OP,jO*.<0!0*O

��,IHoR^+-,�R¡0!0!�*)�+S+10!0V.<0*)*u*)�Osr�,jO
v
%

P / ,jgk)*TI0!0�+-, K HJ+LHPO H�H\�!0*Tt, +^R1HPg 0*T/TI030�,/O!0
R�H�)�d³0!0��P0�.JRJ,&u�,IHPO�,/g3g Q*O

dv
0(gi, RLR-Q

.<0*)*u*)�O*.s,
v
H!,1��, H�TIQ3KhT H .!)�)*T/Tt)�+ .s)*O�,jO�.J0s0*O

��,IHoR^+-,ÅQ^0oM^0ÄRJ,t,jd�+�U*g Q*TtTWQV.¡HPT/T KhO!0�,/.J0s0*O
tv = dv

%
P Y 0"RJ.!)�+LKB,/gk, +<)"R^+LH�OV' HPT/uPKP+S+10*gi, R1HP.JR<,
� KB,jgkg H���,IHPTIQ&�P0�Tt, +10
O KhuPH�)ZM�HP.JRJ,

c = 1
M^0 u!Q�, �!Q-U*.JR�H�.<RJ,

t = 0
%
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� �^���!E�� " ��E

Dijkstra1(G :
	�E&�^A�A]�

, s :
! � � $ "

)
� � � 8 � �

r ∈ V (G) \ {s} ���
tummuus[r]

���
VALKEA �

matka[r]
���

+∞ �
π[r]

]��
NULLEhD�� � � � �

tummuus[s]
���

HARMAA �
matka[s]

���
0 �

π[s]
]��

NULL
�

� ��; �WE 's0!d�g 0�, +10ÄR�KhT/gk)NM^0kKhOkU*'!Q_M^Q*T MNHPT/TIQ ���
� 0*TÅ, +^R�H R1HPT/TI0�,jO"H�O�'!0sd�g 0!0iR1KBT/gk)

u
MNKhO*.<0

.¡HPO�+S+1Q
matka[u]

KhO�gÄ0�'$M�KhTtTt, R<,jgkg 0*OVuP,IHPO�, �
�S� � 8�� �

u
w−→ v ∈ E(G)

�&�
c
���

matka[u] + w �; �
tummuus[v] = VALKEA

:Z��EBD
tummuus[v]

���
HARMAA �

matka[v]
���

c �
π[v]

���
uE&� ! E ;��

c < matka[v]
:Z��EBD

matka[v]
���

c �
π[v]

���
uEBD � ;��

EBD�� �S� � �
tummuus[u]

���
MUSTAEhD�� � �B; �WE �
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• � K�RJ.<0 MSKB.J0P,jO HPO3HJ+1Q�, R^U�U R
w ≥ 0

0qO�,t,jO
�!0"R^+10*)"R

matka[u]
H!,�HPO!Q!Q�gk)*)o+<)^0q.!)�O

R�KhT/gk)
u
KhOk+<)*TtT/)�+ $ "2! :-8 .JRJ,­%

• / KhTtg3)o+
u
+<)*T H��!0�+bU*'!Q $ "�! :-8 .JR<,�HJ+1Q�, RLU�U$M�HPO

RJ)*'�+LH�HPO�.<0"R �!0!�!0"RLR¡0_MLQsd MNH�R^+�U5.<R1HoRLR-Q�%

• � 0*Tt,/O�+10 KhO�' HPT/u*uPK +LKP+LHP)�+S+10s0 .<Q-U*gÄQ�T/TWQVTWQ�u�,
.<0�,j.s.s,ÿ\ ��82� $�8�8 +1m R1KBT/gk)�+o%
/ ,jTtT KB,/O�.-KB.-K 0*T r�K5d�, +<gi,1��,IH30P,j.<0!0

O(|V (G)| · |E(G)|) 0�Ro.¡HPT +10�%

• � 0*Tt,/O�+10 0&�sK�,ÀO KhuPH�)o+S+10!0^]
P X ,LMPHo+1QsQ*O ��8�� $�8�8 +bR�KhT/gk)�+

v
.J0�T � K1MNHPO32¶% V\Lgi,jO�,/gi,Åm���d!gZh�h�lV.¡HPO�+1Q*O

matka[v]
RJ)*'�+LH�HPO�%

P � Kh.¡K 0*T r�K5d�, +<gk,H�*, HkHPO!Q!Q 0�,j.<0!0
O(log2(|V (G)|) · |E(G)|) 0"RJ.-HPT +10�%

P � K�RJ.<0 ��8�� $�8�8 OkR�KhT/gk)*O
v0!�!0�,/O*.¡H�Oo+S+1Q

matka[v]
� KB, 5^ced)tHd)t^b qT'm0

+10sdY��, +10!0*OV.J0�T � K1MNHPO32¶% V % V ��l�rsn�gkj�l*%
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• � KB,jgkg H u�, +1Q!Q .¡H"KPR�R¡0�g UJe�R��!0*T/.¡H 0�+bR1KBT/gk)�+o%

• / ,jTtT KB,/O�.-H�K�R^+10�O"Kh)"R�H"HiR�KhT/gk)
MNKhT/TI0

matka[u] = +∞ 0(.!)�OkKhO .<Q"RJ, +LHPT +�U .<0�,/.!.s,
O HÄR1KhTtgk)�+�0"MNKB,/'�,jO 0*Tt.!)"R�KhT/gk)"R^+10

s
u!Q!Q"R�H�H*%

� �^���!E�� " ��E
Dijkstra2(G :

	�E&�^A�A]�
, s :

! � � $ "
)

� � � 8 � �
u ∈ V (G) \ {s} �&�

matka[u]
���

+∞ �
π[u]

���
NULLEhD�� � � � �

matka[s]
���

0 �
π[s]

���
NULL �F H�HVgi,jO�,/gi,j.¡HP.-K9.<0�,j. , R^+10iR1KhTtgk)�, R^+10

V (G).¡H�Oo+1Q*O
matka

RJ)*'�+LH�HPO �� ��; �WE .¡HP.¡K�H!,�KhT HÄ+�U5'²MLQ �&�
X KB, R^+10�.¡H"KPRL+10iR1HPO�u�,IHPO�,/O 0*T/.s, K

u �
�S� � 8�� �

u
w−→ v ∈ E(G)

�&�
c
���

matka[u] + w �; �
c < matka[v]

:]�5EBD
matka[v]

���
c �

π[v]
���

u �
siftup(kahva[v])

.<0*T � KB,/T +1032&% V % VEBD � ;��
EBD�� �S� �
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• � HPdÍ+10!0 .<0*T � K1MNHPO [¶% V 0�TIr�K5d�, +<gi,/,/O 
 ∗ ]
P _ T r�K5d�, +<gk, R�R¡0 
 ∗ .<0!0sd�,/u!0�,/O KP+ .¡KBK�R^+<)�, �P0o+

' HP)*d�, R^+-, R�HoRL+10_ML0Ä+LK MPH�TtTt, R1HoR^+10kK�R-0�RL+10
.!)*Oi+10!0�R(�b, M1.JR^+<d³0�R�R¡0&�!0�,jOi+LKFM�HPT/Tt, R1HoR^+10�%

P _ T r�K5d�, +<gk, R�R¡0 
 ∗ HPd�,¶dfHP, +-, + R¡0*g 0!0*O
R�KhT/gk)*)*OÄ+<)*T/. , +S+-,/,/O3HPd�,Àd¦0�+<.<0�, RJ)�,/.JRJ,
.!)*Oi+10!0�R(�b, M1.JR^+<d³0�R�R¡0 gk)�, R^+LHJ+10!0*O_MNKh.<0
R�KhT/gk)*TtT H��P0P,jO�u!0sd³0�RÄdfH!, +S+-,­%

P _ T r�K5d�, +<gk, 
 ∗ HP,¶.<Q"R<, +S+LHPT H�� H�d�.¡KhOkR1KBT/gk)!0
uHPO*O HPO�.!)�,/O3R�HkKBO�Tt) KhO*)o+ MSKBO*.s,jO�uPKhT/)�O

s ugk)�+S+10Vg UJe�R(�b, M1.JR^+<d³0&� KB,NM50!0*O3Kh'NMNHPT/g KB,NM50
R<, +LHPO�%

• F Q*g Q gk) KP+LK�,jT/)Ä+10sdY��, +^R�H�HV.<0*'!�!0*T/TÅ, R�HJ+G.¡H�KP+o%
P W R1H!,jO�\�HoRJ,/gGHPd�.s,j.<RJ, / F Y Q1.s,/dIM^0"R^+LK�RLR-0!m .¡H�KP+

K��!0�+<.s,/O .<0*'!�!0�+S+LKhgi,Å05%
P �b, M1.JR^+<d³0�O 0*TIr�K5d�, +<gi,m� KB,NM50!0*O3Kh'NMNHPT/g KB,NM50

.<0*'!�!0�+S+10^0oMNK�RÄ.¡H�K�RLR-0iR-0*TtTt, +10!0*O*.s,/O�h(l�u
l�h)bkl
h(g2,pu )!h!bkl u
g1t^bkl ��gT5sc gsbkl3HPd�,h0!�!0�,jOs0!d�� KB,jTtTW0�%
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• � H�.¡K�KhOi+10*T/T HJ+LHo+10s0*O O�U�+G.¡KhT/gi,/.-K�, +10
〈m, v, p〉MNKP+<.<03H)MB)"R^+10!�!0�+�0�T/.!)*uPHPd³QP, R�H�O 0*TIrPK�d�, +<gi,/O

KhuPHPd³0!0o+-,IKB, +10(�NKhO�T e"U$M�HJ+S+�U�uPKhT/.s)
s −→© −→© −→ . . . −→© −→ p −→ vMNKhO*.<0�u�, +<)�)"R�KhO�.¡HP.¡K�0!�!0�,/O

m
�¡%

• R U"+ matka[u]
0"R�HJ+LHJ+10!0*O Q!QsdfH�TtTt, R1HP.JR<,m�!0�,jO

.¡HPd�d¦0*O�%

� �^���!E�� " ��E
Dijkstra3(G :

	�E&�^A�A]�
, s :

! � � $ "
)

� � � 8 � �
u ∈ V (G)

�&�
matka[u]

���
+∞EhD�� � � � �F H�HVgi,jO�,/gi,j.¡HP.-K MNK�RLR-0 0*Tt)*.JR<,�KhO
�!0�,/O

〈0, s,NULL〉 �� ��; �WE .¡HP.¡K�H!,�KhT HÄ+�U5'²MLQ �&�
X KB, R^+10�.¡H"KPRL+10iR1HPO�u�,IHPO�,/O 〈m, u, p〉 �; �

matka[u] = +∞ :Z��EBD
matka[u]

���
m �

π[u]
���

p�S� � 8�� �
u

w−→ v ∈ E(G)
�&�

� ,IH .¡HP.¡KBKBO 〈m + w, v, u〉EBD � � � �
EBD��p; �
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• 2 T HJ+LHJ+10!0*OiR�KhTtg3)o+
V (G)

Tt)!�*)�,j.JR<,
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• � K�RJ.<0
�sHPd�.¡K�R�R¡0 G
H!,�KhT HVO H"r50�+-,t, ��, R<,Å0 .-HP'�,WQ^0

O�,t,jO�T U5'oU*,/gkgÄQ�T/TWQ u�KhTt)*T/TI0
i −→© −→© −→© −→ · · · −→ ©

︸ ︷︷ ︸�/� �����J'�K N ���
−→ j

H!,5+10sdY��, +^R�H +LKB, RL+10!0 gi, +1Q!Q*OiR�KhT/gk)!0�%

• / 0*TtTt, +10s0*O .!)�, +LH�O�.s,jO�.¡HP'!Q3HPTt,
i = j
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"�K � �('��/"I"� 

︷ ︸︸ ︷
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T U*'�U�,/g3g Q*OÄR�H�TtTW0�, R1HPO u�KhTt)*O
u�, +<)*)"R!0 MNKh.<0
P .!)*Tt.¡H"HÄR�KhTtg3)�RL+10

i
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j
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w−→ j ∈ E(G)
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W [i][j][k]
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��� �sHPd�.¡KhO

G
��,IHPd�)�Rog 0�+<d�,/, RJ, �

� � �
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� � �

k
���

1
:��

n
�&�

� � �
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k ≥ 0
0sd�� K

R<,jT/TIQ�' HJ+<.-HPTtTWQ .!)*O�u!0P,j.<0*O
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i = j

:Z��EBD
F )*T K�R^+10kR1KBT/gk)

iE�� ! E
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� �^���!E�� " ��E
perustelu(i :
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.<0!0sd�,/T/TI03KhO�tHd 
sl1b6cec;n(c h�c l 51lHcetHgkj�l23
� 8�� _ TIrPK�d�, +<gi,m�!0*Tt, +^R1H�H��PQsQ!d¦Q*O u�KhTt)*O

s v
%

� � � / K�R O H"r50�+-,/, ��,jO HPO�u!0�,/O K −3
uPKB, RL+LHJ+10!0*O

Tt, R-QsQ*g Q*T/TIQ
+3

MNKh.<0�, R�HPT/T HV.J0s0!dfHPT/T H10çO�,t,jO
T U*'�U�,/O�uPKhT/.!)

s t
�!0�,j'o+<)*)�%

• / ,jTtT KB,/OkR1K�� HPT +<)�)*.s,jO JqHPT/Ttg 0*O�,jO_M^0 -�K5d M�,/O
0*T r�K5d�, +<gk,���#m0(T/)*.s) 2PnÀ%�#�� R 0(T/)*.!) 6&%t[��²%

• ' Q!Qsd�, +LH�TtTWQ!Q�OiR1KhTtgk)*O
v
Ho+1QP, R^U"U$M�HP.JR<,

matka[v] = −∞MNK�R R<,jO*O"H3KBOV0�T/.!)"R�KhTtg3)�RL+10
s
uPKhT/.s)

s −→© −→© −→ · · · −→
u

w1−−→© w2−−→© w3−−→ · · · wk−−→ u
︸ ︷︷ ︸

� L�� �
−→© −→© −→ · · · −→ v

\ V m
MNKhT/TI03KhO�tHd 
sl1b6cpc n(cptHd)t+��dZr�'kHPTt,

w1 + w2 + w3 + · · ·+ wk < 0.
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\ ` .JR<,jO�.-HPd�+10�, R�HJ+ u�KhTt)�+ ML0 .¡H�'sQ�+
g Q!Qsd�, +LHPT +-,/,/OV.<0*T � KB,/T/TI0 $&%�#*%t2¶%jm

Pa` .JR<,jO�.-HPd�+10�, R�HPT/TI0 uPKhT/)�T/TW03KhO
≤ |V | − 1

.<0!0sd�+10�%
P X Q�, ��, +LHJ+1Q!Q�OiR<,/, R�HJ+1Q�, R^U�U%MPHo+

matka[u]U*'�+LH�HPO"R-Q
|V | .¡H�d�+10!0
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.¡HP'!Q*TtTWQ�\ V mJ%
/ ,/T/T KB,jO u�, +1Q!Q�.s,jO T Khu*)�.JRJ,À.¡K5d ML0o+10
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R¡0!0!�*)�+S+10*g 0�+S+LKBgÄ0o+_R�KhTtg3)o+

M^Q!Q!�!Q�+5�!0*T/.¡H!,j.<RJ,­%
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� �^���!E�� " ��E
Prim(G :

	�E��^A5A]�
, s :

! �%� $ "
)

� � � 8 � �
u ∈ V (G) \ {s} �&�

tummuus[u]
���

VALKEA �
matka[u]

���
+∞ �

π[u]
���

NULLEhD�� � � � �
tummuus[s]

���
VALKEA �

matka[s]
���

0 �
π[s]

���
NULL �F H�HVgi,jO�,/gi,j.¡HP.-K9.<0�,j. , R^+10iR1KhTtgk)�, R^+10

V (G).¡H�Oo+1Q*O
matka

RJ)*'�+LH�HPO �� ��; �WE .¡HP.¡K�H!,�KhT HÄ+�U5'²MLQ �&�
X KB, R^+10�.¡H"KPRL+10iR1HPO�u�,IHPO�,/O 0*T/.s, K

u �
tummuus[u]

���
MUSTA �

�S� � 8�� �
u w v ∈ E(G)

�&�
c
���

w
�

; �
tummuus[v] 6= MUSTA

8hD��
c < matka[v]

:Z�5EBD
matka[v]

���
c �

π[v]
���

u �
siftup(kahva[v])

.<0*T � KB,/T +1032&% V % VEBD � ;��
EBD�� �S� �

EhD�� � �B; �WE �
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� ��� ��� � ! ; $ E��^A5A�; � ��?T	*C ! :^? !

• / Uoe!+S+LH"HPO!Q 0*O*O HJ+10!0�Oi+10"R�KhO�u�, R^+LH�HJ+
〈x1, y1〉 , 〈x2, y2〉 , 〈x3, y3〉 , . . . , 〈xn, yn〉 .

• R H u�, +1Q!Q M^0*.<0!0 .<0*'�+LH�HPO3HPd�,ÀT/) KB.!.<0!0*O
A
ML0

BR<, +LHPO^0¶HJ+S+1Q O!Q*g Q T/) KB.J0o+ K��!0�+
g 0*'$M�KBT/Tt, RJ,/gkgÄ0�O .<0*)*.<0*Os0Ä+LKB, R<, R^+10!0*O�%

• F@0sd�.¡H�gkgi,jOÄR¡0*O K�H�O1]¶R<, +LHPO^0&HJ+S+1Q T U*'�U�,jO*. ,jO
HJ+1Q�, R^U�U"RÄTt) Kh.<0*O

A
uP, R^+LH"HoR^+1Q�Tt) Kh.<0*O

Bu�, RL+LH�HoR1H�HPO3KhO�g 0*'$MPKhT/TÅ, R<,jgkg 0*OÄRJ)*)*d�,â%

• F Q*g QkKhO3H�d¦Q"R +10*u!0�)"R&oDq n�'!h!b q���h(d h)b^'
\6K!T/)"R^+LHPd�,/Osr5m
�pR 0 Tt)*.!)knÀ%9[��N%
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� �9�&� �²;Å:Z$�; �
#�% ' ) K MPK�RL+10iRo)�)*O�+10!0*g 0�+LKBO&� HPd�.s.-K

G
0�MNKhO*.<0

! �%� $ " ;¥D�8 K��!0�+�0*O*O"Ho+<)o+ u�, RL+LH�HJ+
A"8�8��²;âD�8

p
dpqq

K%�P0o+ .<0�,/.!.s,¶u�, RL+LHPu!0sd�, +
p 6= q

� 8�;¥D2�À;¥D�8
dpq

K��!0�+ uP, R^+LHP,NM�HPO
p
M^0

q
�PQ�Tt,jO"H�O

HJ+1Q�, RLU�U"R�%
2&%A/!QsdIMNHoR^+1Q O!Q*g Q .<0!0sd£HJ+ u!0�,/O K1MNHPO"R-0�gk)*.<0!0*O

.<0"R �P0��P0s0*O_M^Q!d MNHoRL+�U*.JR1H�HPO�%

V % / , MNKB, +10 0*T/)�.JRJ,-MNKh.<0�,jO"H�OkR�KhT/gk)ÄU5.<RJ,/O!Q!Q*O
Khg 0!0*O Tt) Kh.!.<0!0�O"R-05%

n¶%ZF K�, R^+10kR�H�)�d³0!0��P0s0^0(.s)*O*O HoRÄT/) Kh.s.s,Å0kKhO
M^Q*T MNHPT/TIQ&�!0�,/O32 ]

\N0!m 2 +10_M^Qsd MSHoR^+�U*.JR�HoR�R¡QiR�H�)�d³0!0��P0 .<0!0sd�,
p

dpqq
%

\Ll!m\/ KPR R1HPO�u!Q!Qo+LH�R�KhTtg3)o+
p
M^0

q
K��!0�+5�*, HPTWQ

HPd�,ÀTt) Kh.s, R�R¡0^0(O�,/,/OkU*'$M�, R^+1Q�OP,/,LMPH�O�Tt) Kh.<0�+
U*'$MPH�.<RJ,¶T/) KB.J0�.JRJ,­%
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� E�� "2! :¡E�� " � / Kh.<0�, R�HPT/TW0iRJ,/T/gk)*.!.<0*. ,IHPd�dfKh.JR�HPT/TI0Än

'*) KBT HP'$M�, +10!0*O^0¶HJ+S+LH!,B0�,jOs0*.<0!0*O�OsQ�,LM�HPO
u�, RL+LH!,LMPH�O

p
M^0

q
�!Q*Tt,/O HPO3HJ+1Q�, RLU�U"R

dpq
KhT HÄR�H

u�, H�OP,jO^0JMNKh.<0ÄHPdfKP+S+10!0 T/)"Kh.<0�+
A
M^0

B
+LKB, RJ, RL+10!0�O�%

� � "2! A"8��/;âD ' / F Q^0*T r�K5d�, +<gk, �pR 0 Tt)*.!)knÀ%pR%�ZR¡0!0$M*0!0*O
R�H�)�d³0!0��*,/O�g3)�)�+LKh.JR<,jO^]

• _ RJ.¡H�T H�H�RLR¡0 #V.<Q<U�+LHJ+1Q!Q*O�.s,jOiR^UoeP+S+LH�HPO!Q
0*O*O"Ho+S+<)s0&�sHPd�.!.¡K�0

G
%

• / ,jTtgk)*.!.<0!0Än�+LK�, R^+LHo+10s0*O*.s,/O^0(.s)*O*O HoR
T/)"Kh.!.s,W0kKhO*.s,/ObM^Q*T MNHPT/TIQkH�OsQ!Q #*%

� �h:¡E " : " A ! E !�! 8 +10sd���, +10!0*O +-,IHJ+LK5d¦0*.¡H�O�O Hm0"MNKh.<0

• R¡0*T/TÅ,/,B0"Ro.¡HPT H�HPOknhlk+10sd���, +^R�H�g 0�+bKhuPH�d¦0!0�+-, KP+
P�� ' ,/.JQkKhOi+1Q*g Q*OiR�KhT/gk)*O T/) Kh.s.J0 � �
P���` '$M�, RL+1Q�O!Q�,NM�HPOkR1KhTtgk)NMNH�O T/) KB.J0o+]� �
• +LKB,/gk,t,¶O�,t,jO�O KhuPH 0"RL+-, 0¶HJ+S+LH!,�R<,jTtgk)*.!.<0in�KhT H
'�, +10!0*gku�,&.!)�,/ObM^Qsd MSHoR^+1Q*gi, R¡0"RJ.-HPT�2¶%

/ HPT/TI0�,jO HPO3KhO�O"R�%��=tmc g1t ��� cptHf ��#m0
T/)��5)o+ 2¶#�%/2$QS2¶#�% V �pR 0(T/)*.s)3n¶%j6$�_.<0*T � KB,/T/TW03$&% V %t2¶%
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• 2 O�u�,LMPHo+S+1Q��PQÄU*TtTWQ l�,��$ceg1cefHd)t
d#�mn(c;n l�, dZt!h�h�c�,�)�g2���%cLl

HPTt,-MNKh.<0�,jO HPO 0*Tt.s,IK .!)*)*Tt)*)�.-KB.-K 0NM^0*O
+10"R¡0*OiU*'�+LH�HPO�Tt) Kh.!.<0!0�O

R�H�)�d³0!0��*, HPO3KhuPHPd³0!0o+-,IKB,NM�HPO3RJ)*'�+LH�HPO^]
� " � "�"2! ; 0*Tt.s,IK ML0iRJ,/T/T HkKhg 0 T/)"Kh.!.<0�%
�Z: ! ; 0*Tt.s,IK!+10&�P0�RL+10!0��P0 Tt) Kh.!.<0�%

� ���¶; ! :-C 0�O*O HJ+S+<)NMNHPO�.<0*'$M�HPO 0*Tt.s,IKhO T/) KB.J0o+
U*'$M�HP.JR<,5U*'�+LH!, R1HP.JR<,ÀTt) Kh.<0*.JR<,â%

• � 0*.¡HPO*O HJ+S+10i+10sd���, +10!0*OV.<0*T � K1MNHPO $h% V %Í#
� d�)"RJ.<0*Tt,/O 0*TIr�K5d�, +<gi, RLR¡0
gk)�+S+10iR�HkKhO�'�UJe M!U*TtTt,jO"H�O�g UJe�R gk)*)!0*TtTW0�%

• X H�d�)"R<,LM�H 0^] / Kh.<0�, R�HPT/TI0�Tt) Kh.<0*TtTW03KBO tHcpu�c 0�MNKh.<0
KhObMNKh. ,jOkR1HPO 0*Tt.s,IKB, RL+105%
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• Y ,/, +LHo+1QsQ*OkR<,/, RcMNKh.<0�, R�H�H�O 0*T/. ,IK�KhO
a
tmcpu�c���d)t^b b^'

a.name =
K�R1K�, +-,jOkR1HPO�T/) KB.J0�O�OP,jgi,Å0*Tt.s,IK�KhO^0

MNKh' KhO
a
.s)*)*T/)�)�%

• ` TtTWQ*u�,NM�HJ+1Q!Q*O O!Q�, +1Q O�,jgi,/.-HPO�+S+-,WQiR<, +LHPO^0&HJ+S+1Q
���(A]� 0�T/.s, K

a
KhOkR¡0*g 0*T/TI0V, +^R1HiKhg 0*O

T/)"Kh.!.<0*O"R¡0�O�,/gi,Å0*Tt.s,IK
a.name = a

\�n�m
MNKh.<03KhOkR¡0*g 0*T/TI0 OP,jgi,j.¡HPO�+1Q*O 0*Tt.!)!0sd��sK
\Lgi,j.<Q gk)*)*.<0!0*O �!m

:-8�; O�,jgi,/.-HPO�+S+1Q�.-HJ+�M1)
a.name .name .name . · · · .name

\6R5m
��,IHVT Khu*)*T +10V0�T/.s, KhO

a
O�,/gk,W0*T/. ,IK�KhO�%

• F Q*g QkH!,1��,IHPTWQÄ+10*.<0!0Ä+LHP' Kh.!.s)*)�+S+10^]
' , +LHPO�u�,LM�HJ+1Q!Q�O�O�,/gk,/.¡H�Oo+S+1Q*.¡Ho+�M1)�+ \6R*m
T U*'�U�,/O!Q��

• Y , R¡Q�+1Q!Q*OiRJ,t, R ��, H�TIQ 5sc b*)
)!h���dZt1b b^'
a. rank =u�, RJ,/g3g Q*O 0�T/.s, KBKhO

a
+<)*T H��!0*O

O�,/gk,/.¡H�Oo+S+1Q*.¡Ho+�M1)*O \6R5mGu�, +<)*)"R�%
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• X , +<)�)"Ro.¡HPO�+1Q*O 0*Tt.!)!0sd��sK KhT/.¡K�KhO
0
\�+10�,Àgk)*)

�!0*.s, K�mJ%

• � )*OV0*Tt.s,IK TW0*.!.<0!0kKBT HPg 0"RL+10VO�,/gk,W0*T/. ,IK \�n�m�0
O�,t,jO3R�HPO�uP, +<)*)"RJ.¡HPO�+S+1Q!Q*.<Q!Q*OkH!,�HPO!Q!Qi+10sdY��, +105%

• R U"+ � KB,LM*0!0*O�g Q!Qsd�, +LH�TtTWQ +LHP' KB.J0�RÄT/) KB.!.s,IHPO
U*'$M�, RL+1Q*gi, R1KhuPHPd³0s0�+-,IK 0oMNKh.<0kR¡0!0kR^Uoe!+S+LH"HPO!QsQ*O
.<0*'$M�HPO3HPd�,ÀTt) Kh.<0*O�O�,/gk,W0*T/. ,IKP+�]
� �^���!E�� " ��E

Union(a, b)

;��
a. rank < b. rank

:Z�5EhD
a.name

���
bE�� ! E9; �

a. rank > b. rank
:Z��EBD

b.name
���

aE�� ! E
b.name

���
a

a. rank
���

a. rank+1EhD�� ;�� %
F K�, R<,jO3R¡0*O K�HPO^0q.<0"R �!0�+LHJ+10!0*OVT U*'�UoHPgku�,WQ
O�,/gk,/.¡H�Oo+S+1Q*.¡Ho+�M1)�, RL+10V\6R5mJ%
�pR 0q.!)��P0inÀ%�#�2��

• / K +1Q*g Q +10*.<0!0 T K*r50sd�, +<gk, R1HJ+ .¡HJ+�M¡)o+o%
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• ' Uoe�RÄO�,jgi,W0*T/.s, KhO '!0*.s) KhuPH�d¦0!0�+-, KP+10\�sK�,LM50!0�O
+LHP' K�R^+10!0 b6cec;n(c h!b^'Hu('�,9,:'\5 g2,���) \Lu!0�+<'
KoKhgkusd£HoRLRJ, KhO!m MNKP+10�.s)*T MNHJ+S+-,/,/O^]
� �^���!E�� " ��E

Find(a);��
a.name = a

:Z��EBD
��E*: " �SD

aE�� ! E
a.name

���
Find(a.name) ���E*: " �SD

a.nameEhD�� ;�� %
�pR 0q.!)��P0inÀ%�# V �

• F Q*g Q TÅ, R¡Q*u!0sd³0�O*O*)"R +LHP.¡H�H � d�)"RJ.<0*Tt,/O0*T r�K5d�, +<gk,/OkR<,jTtg3)�.J0�Oin KhuPH�d¦0!0�+-, KB, R^+10in&l
U*'$M�HoRLR-QV��' q b^'Htmt�8)h�h7' n l��%c gHlHc9��l�c h�c l23

Pa` .JR<, +S+1QP,jO HPO Find
Q¡.!)o+^Ro)&�sK�,1�*, H)M5Q

T K*r50sd�, +<gk, R1HPO 0NM^0*O
P gk)�+S+10ÄRJ, �5)o+<) KP+S+LH�HPO!0!0*OiR1H +-,/, ��, RL+1Q!Q 'oU)��,/O

g KhO HPO�g�UJeh' HPgkgÄQ�OV.!)�+^RJ)*O�u�KBT/.!)!0
P MNKP+LHPO�.!)�T MNHJ+<)*O�O�,/gi,j.¡HPO�+S+1Q*.¡HJ+�M¡)�O u�, +<)*)"R

KhO*. ,jO�.¡H�RJ.s,/gÄQsQ!d�,jO ≤ 4
�|#m0qTt)*.!)32¶#*%ÅnH�N%
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• X d�,jg�KhO�.<Q-U"+1Q�O*O e�RLR-Q O!Q�, RL+1Q .J0�'$M�HoRL+10
0*T r�K5d�, +<gk, RL+10 O"Khu�H 0*gku�,
gk)�+S+10kH!,ÀO�,/,/O�u!0*T MNKhO10¶HJ+S+1QkR<,jTtTWQ3KBTt, R<,
.s, R-0*.<Q-U�+Le�RLR-Q gGHPd�.s, +�U"RL+1Q5%

• X d�,jgi,jO 0*TIr�K5d�, +<gi,�KhO�' HPTtu*u�K g3)P, R^+10!0
�b, M1.JR^+<d³0�O�gk)*)*O*O"Kh.JR�H�Os0�%

• X d�,jgi,jO 0*TIr�K5d�, +<gi,jOÄ+LK!+LH�)o+<)"R �!0!0�+-,t,¶.¡H"KBO
.<0*T � KB,/T +10k2¶% V
���(A]� A"8 �
	��À; � �Å8 .J0�T � KB,jT +1032¶% V % V 
 gk)�+S+10

O�,t, +1Q3H!,m�!0*T/gi, RJ.s,/dIM^0"R^+LKB, RLR¡0 0�,/O!03KBT H
:-8�;ZA"8 �
	��À;t:1:-8 .!)�+LHPO�.<0*T � KB,/T/TI03$&%�#*%�#*%

• � d�)"RJ.<0*Tt,/O 0*TIr�K5d�, +<gi,jOÄ+LKP+LHP)�+<)"R +10!0"R��!0!0�+-,t,
! E&A"C M^Qsd MSHoR^+1Q*gi, R¡0*TIrPK�d�, +<gi,/O�
 MNKhO*.<0kR¡0!0

�!0*T/gi, Ro.s,/dIM^0"R^+LK�R^+10
E�:¡:-C W O�,IKBO�Q -ÿ,jO$M$Q�+-,IHJ+LK5d¦0*.¡H�Oo+LH"HPO

.<0*T � KB,/T +103$&% V %t2 
 gk)�+S+10iR<, +1QkH!,
�!0*T/gi, Ro.s,/dIM^0"R^+LKB, R�R¡030�,/O!03KhT H*%
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• � HPd�.¡KhOiR1KhTtgk)�+ M^0*.<0*)�+<)!�!0�+ 2�HPd�,¶T/)"Kh.!.<0!0*O

• � HPd�.¡KhO .J0s0!dfHJ+G.!)*Tt.¡H��!0�+5�!0�,/O�T/)"Kh.!.s, H�O
�!Q*Tt,/T/TIQ

• .<0!0sd�, RL+10 uP, +1Q!Q&�P0�Tt, +10 g 0*'ZM�KhT/TÅ, R<,jgkg 0*O
	*8��
	*85: .<0*T � KB,/T/TI0 $&%ÅnÀ%�#
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MNKB,jTtTW0

c′(Sf , Tf)KhO�u�, H�OP,jO�%

• � KB,LM*0!0*O�.s,/,/O*O�, +S+1Q!Q gi,IHPTt, �P0�T +10�,/O HPO
s
M^0

.<Q-U%M*Q�TWQ�u�,À.<0�,/.!.s,¶gk)*)o+
�!0�,j'o+LKBHP'$M�K!+

t ∈ V (G) \ {s} %

• / 0!0$M*0!0*O
O(|V (G)|2 · |E(G)|2)0*T r�K5d�, +<gk,­%

• � U R^U*g�U R � 2 O�.-K
k = 1

�]� d¦0�+<.¡Hs0s0
O KhuPH 0*gkgi,jO ML0 ' HPT/uPKhgkgi,jO^]
P � Kh.¡HP,/T/TI0!0*O MNKh.<0�, R1HPTtTW0 .<0!0sd£HPTtTW0
�*) K5dfKhT/TI0!0*O^0&KhTt, RJ,/.¡K

G
U*'!QiU*'�+LHPO!Q�,/O HPO

,/T/g 0*OiR<, +1Q�%
P � )*.s,/O�.¡Kh.¡H!,jTt)�� KB,NM50!0*Oi+LHP'$M5Q

.<0*T � K1MNH�Ok[¶%Ån�RLU!��U�U RLRJ)*)*O�+10�, R1HPTtTW0
TIQ*u�,/.JQ-U*O*O�,/T/TIQ�%
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• Y , R¡Q�+1Q!Q*O .<0*T � K1MNHPO $&%ÅnÀ% Vg 0*.JR<,jgi, ��,/dÍ+10*)�R1KhO r�HPT/g 0!0*O g�Uoe�R�l�,LlZo l�j�l1b 3

� 0!0sd£HPT/T H u
l,c−→ v ∈ E(G)

�!0!0ZM�, +10!0�O O�U�+
��,jd�+10*)"R

l ≤ f(u, v) ≤ c
%

�²F Q"RLR-Q�u*)�+<.¡HoRLR-0 u�, +1Q!Q&��,jd�d³0�+10 n�'HrHcpt^b^'�'�t
l\jM^0�.-K5d�.¡HP,/O�+10!0*O

c
m Tt, +<d³0!0iR�HP.!)*O*OP, RLR-0�%-�

• / 0*g 0�+ g HPO HJ+LHPT/g Q�+_R�K�� HPT +<)!�!0�+ j(gZh
b*)�tmtHd$bkl%lHt
j(g2�%cet lT,��T)^n(ceo bkl
)�h

falku
j(g2��l�b^' q b b^'�'UtT'Hu('

n l%l1b6ceu )T��h�d$bN%
P _ T Ho+10s0*O*.s,/O u!0sd³0*Oo+10*g 0!0*O\�*,/dÍ+10�)"RL+10

falku
%

P Q O*O HPO 0*TW0sd¦0NMNK1M^0 0*T KB, +<)�R
falku ≡ 0

.¡H�Ttu!0"R<,â%

• _ Tt.!)!��,jd�+10*)*.JR�HPO falku
TW0"RJ.¡HPO�+10!0*O u!0*TW0o+10!0*O

.<0*T � KB,/T/TI0 $&%ÅnÀ%�#"4&%
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� D��BE�� $�8 � � 0*'$MPH�OkR�KhT/gk)*O
�!Q*TÅ,jO HPO�.¡HP'!Q

u
l,c−→ v, v

l′,c′−−→ u ∈ E(G)

H!,À.!)*g Kh)$M�)bMNK�R
min(l, l′) > 0

�

� C�C���C ��8*:"A"8�; !#" � Q Oo+1Q MNK�R +LKB,/O HPO�.J0�'$M�HPO
R�KhT/gk)*O�.¡HP'!Q*O�.<0!0sd�, RL+10iR¡0!0i+10sd�u�H�HP.JR<,
��,jd�+10*)"R^+10�O�,t,jOi+LKB, R1HPT/TI0kR¡0*T/TÅ, +S+10�, RJ,t,jO*. ,jO
��,jd�+10*)"R

= 0
�

• / ,jTtT KB,/O
� KB, +10�, R<,/,/O KBu�+-,jg KB,NM50&��,jd�+10*)"R^+10
hZ)
)Ht^bkl%l�u
lmb big1u&l!h�h�l �sHPd�.¡K�R�R¡0

G
%

• F Q*g Q +10!0"R KhO
NP

Q²+1Q-U$M�HPT/TÅ, R^+1Q �ÅnX0
KhOsrPH�Ttg 0 R � V [��60ÀHPTt,À\LT/)*)*T +10!�!0"R^+-,Åm5�!0�,/.-H 0!0\L.¡Kh.¡KhO!0�, RoTt)!�*)�,jTtTW0!mZ�

� ;¥A�E�8 ��8*:�A"8B; !#" � � ced#,9,ed$b^'�'Hti+1Q�T/TW0P, R^+LH�O .¡H�'P,IHPO
HoRJ,t,jO�+�U*gi,jO HPOkR^Uoe!+LH�� HPd�.-KPR�R¡0�%
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• _ Tt)"RL+<)�R KhO�O�U�+
f [u, v]

���
falku(u, v) �

f [v, u]
��� −f [u, v]

.<0�,j. ,jT/T H
u

l,c−→ v ∈ E(G)
%

• ' )*)�+LHJ+10!0*O_MLQsQ*O*O e�R � HPd�.¡KhO
Gfgk) KFM�K�R^+10*gi, RLR-Q!Q�O�+Le1M^QiR<, +LHPO^0&HJ+S+1Q 0*TW0sd¦0NM^0*O

l0*TÅ, +S+10*gi,jO"H�OV.s, H�TtT HJ+1Q!Q*O1]
P / K�R

f [u, v] < c
MNKhTtTW0*. ,jO

u
l,c−→ v ∈ E(G)

O�,/,/O
Tt, R-QsQ�g�UoeP+1Q�.J0s0!d�,

u
c−f [u,v]−−−−−−→ v

%

P / K�R
f [u, v] > l

MNKhT/TI0*.s,/O
u

l,c−→ v ∈ E(G)
O�,t,jO

Tt, R-QsQ
�!0"R^+10*.<0!0sd�,
v

f [u,v]−l−−−−−→ u
%

P Q O!Q!QkH!,1� KB,�RLU*O�+�U"Q�.<0*'�+10 .<0!0sd�+10
u

c−→ v
M^0

u
d−→ v

MNKP+<.<0 u�, +1Q�, RJ,*U*'$M�, RL+1Q!Q1]
∗ FZKB,jO"H�OiU*'$M�, RL+LHJ+S+1Q!��, RL+1QkKhO 0�,/O!0�g�UJeP+1Q�Q
M^0Ä+LKB,jO HPO
�!0"R^+10*.<0!0sd�,­%

∗ / ,t, R U*'$M�, RL+�U"RL+10sd��sHÄR^U*O�+�U"U
�!0�,jO�.<0*'$M�HPO
R�KhTtg3)�O�.¡HP'�, R^+1Q�%

∗ ' )�+S+10iR�K���,jgkg Hm0&HJ+S+LH!,¶O�,t, +1QkR-0�T/Tt, +10�%

• / , +S+LHPO&�sK�,LM50!0�O3R�K�� HPT +10!0 -�K�d[M�,/ObM^0
-¶)*T/.¡HPdÍR1KhOP,jO�g HPO HJ+LHPT/g Q!Q�%O� V 0qTt)*.!) I %��o[��
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• � 0*T � KB,/T/TW03$&%ÅnÀ%9[�TÅ, R¡Q�+S+-,/,/O .<0*T � K1MNHPO $&%ÅnÀ% Vg 0*.JR<,jgi, ��,/dÍ+10*)�R1KhO r�HPT/g 0!0*Ok0*TI0!d¦0NM^0�+
l
% / ,jTtT KB,/O

+<)*T H"H M^Q!d�.¡H��PQ�.JRJ,&.<U"RLU�Q�.<Q!Q*O�+1Q"H�O1]
' ,jT/TI0�,jO"H�O 5sc d)tmcpt���,jd�+10*)"R d�,t, +S+1Q!Q30*TW0sd¦0NMNK1MNHPO
+1Q-U�+S+1Q*gi, R�H"HPO \�U*TWQsd³0²MSK�, RLR-0 u<U"R^UoHPO!m �

• � 0�+<.¡H 0!0 5sc dZt�dZt1b^'Hu('�,�,-' u&lHrmf�g2,�,ec h�cpu�u&lHt
51l�, j(g1t R¡0!0�+<)!0 0�T/.!)!��,/dÍ+10*)�RL+10

falku
%

� ,/dÍ+10*)�RL+10iR-0!0 u�,IHPO HPO�+1QsQ
�!0�,jO�uPKB, R^+10*g 0*TtTW0
R<,/, +1QkR�HPT/TW0P,jO HPO3KPR-0^0�MNKh.<0�, +^R1HP.s,/O3KhO
��,jd�+10*)"R�%
X KB, R^+LHJ+S+10!�!0*O3K�R¡0*O�g 0*.JR<,jg KB,/O�+-,5KhOkRJ,t, R
g 0*.JR<,jgi, ��,/dÍ+10*)�.JR1HPOVTI0"RJ.-HPO�+10s0�%

• / KP+LHPO���,jd�, +LHPTtTWQ!Q*OÄ+10s0"R -�K5d M�,jObM^0 -¶)*Tt.¡H�dÍR�KhO�,jO
g HPO HJ+LH�Ttg Q!Q�%
� V 0qTt)*.!) I %��o[��
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• ' )*)�+LHJ+10!0*O_MLQsQ*O*O e�R � HPd�.¡KhO
Gfgk) KFM�K�R^+10*gi, RLR-Q!Q�O�+Le1M^Q 0�O�+10*g 0!0*OÄR1H\��,jd�+10*)"R!0

MNKh.<0
�sK�,LM50!0�O�uPKB, R^+10!0�% R U�+
$V? �h:-C&A"8�82�²; � �Å8 HoRJ, +LHo+1QsQ*O g 0*'$M�KhTtTt, Ro)*)�R

uPKB, R^+10!0
	*8 ! :<8&A"8�8��²; � �t8 TÅ, R¡Q�+1Q
��,jd�+10*)"R^+10^0&HPTt,Àu!QP,jO
�!0"RL+LK�,jO�.s)�,jO3HPO*O HPO�%

P / K�R
f [u, v] < c

MNKhTtTW0*. ,jO
u

l,c−→ v ∈ E(G)
O�,/,/O

Tt, R-QsQ n l!h!bkl�.J0s0!d�,
v

c−f [u,v]−−−−−−→ u
%

P / K�R
f [u, v] > l

MNKhT/TI0*.s,/O
u

l,c−→ v ∈ E(G)
O�,t,jO

Tt, R-QsQ�u�q�8sb^'�.<0!0sd�,
u

f [u,v]−l−−−−−→ v
%

• / ,jTtT KB,/O MLQsQ*O*O e�RJ.<0*u!0"R<, +LH�HJ+S+-, d
.¡HPdÍ+LK�K T e U$M�HJ+�U*O

T/)��P0�T/Tt, R1HPO
�!Q*' HPO*O�U*.JR�HPO^0"MNKP+LHPO&�*,/dÍ+10�)*.JR�H�O
u!Q�, ��, +�U R KhO*.s,/O��!0"R^+10*.!.<0�, Rog HPd�.!.s,jO"H�O5%
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• F@0�'*.¡K��*) K5d£HPO�TI0"Ro.¡HJ+S+LHPT/)*.¡HoRJ.!)*.JR�HoR�R¡0 .<0�,/.!.s,
TW0�Ro.¡HJ+S+LHPT/)*d�,jO�+LH�HJ+ TWQ*'o+LH��!Q�+5�*) K5dfH�O�'*)P,ju*)*T +10 ML0
u!Q!Qo+S+�U!�!Q�+ / U!�PQsd�,jO*TI0*'$M�HPO_MLQsQ*T/T H5%

• � ,jOo+LH"HoRLR-Q3KhO�d�, R^+LHJU5.<RJ,WQ^0�MNKh' KhOi+<)*T +<)!0!0*O
TW0�Ro.¡HJ+S+LHPTt, M^0&� KB,1�!0*TÅ, +10 gi, +1QVd£H!, +S+-,ÅQ�TIQ*'�+LH�H
R�H�)�d³0!0�gÄ0s0*O�% / 0*g 0!0*OVd�, RL+LHJU*.JR�H"HPO&�sK�,Àg UJe�R
+<)*TtTW03HPd�,¶d£H!, +S+LH²M^Q�%

• aqH�O�.s,jT eh.!)*O*Os0*O�u�, +1Q!QÄ+10sd�.<0"R^+10!0_MNKh.<0 0!0�g3)
.<0�,j.s.s,Àd�,jOo+LH"HJ+ TW0�Ro.¡HPg 0*T/TI0 O HVTWQ*uP,�H�O�O HPO
0"R<,Å0*.s.J0P,LM�HPOi+<)�T K�0�%

• � K�RJ.<0�'�,/,/'�+LKh'�, R�R<,BKhO�'�,NM50"R!0q'!0*T/)o+10!0*O
.!)*T MNHo+S+10s0 '*)�,ju�)*T/T H .¡HPd�d¦0*T/TI0�O�,t,jO�u!0*T MNKhO
' HPO*.s,/T eh.s)*O�+10!0^0&HJ+S+LHP,�+LKB, R^+10�.!)�T MNHJ+<)"RL+10kHPO!Q!Q
+10sdY��, +10�%

• F K�, R¡0!0*T +10Ä+<)*d�'!0!0�'"H�O�.s,jT eh.!)*O�+10s03H!,À's0*T/)�+10
u!0*Tt.<0�+10�%

• X 0*T MNKhO*.¡K ' HPO*.s,/T eh.s)*O�+10!0Ä+10!d���, +10!0�O��
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• ' 0*T/TÅ,jO*O*)�R ��,jd�+10*)"R�KhOsr�HPT/g 0*Os0^]
� C �*:�� ! � � $ " D�8

s
KBO�'*)�,/u*u*)�%

798�8 �t; ! � � $ " D�8
t
KhO MLQsQ�%

7 " ;¥D�8 ! � � $ " ;âD�8 K��!0�+Gd�, R^+LHoU*.JR�HJ+o%

�
8�8��²;âD�8 K��!0�+ d£H!, +-, + HZMPH�TtTt, R1HoR^+1Q�d�, R^+LHoU*.JR�HoRL+1Q
R�H�)�d³0!0��P0s0*O�%
� 0!0sd�,�KBO3Ro)�)*O*O!0�+S+<)iU*T HPgkg Q"R^+1Q
d�, R^+LHoU*.JR�HoRL+1Q 0�T HPgku!0!0*O�%

� �t82��8���8 .<0!0sd£HPTtTW0kKhO
1

 0�,/O!0*.s,/OiU*'$M�HPO

' HPO*.s,/T eh.s)*O*O!0"R^+103KBO�TI0"RJ.-HJ+S+10!�!0iR�H*%
� �tC2��8���8 .<0!0sd£HPTtTW0kKhO

+∞ 
 O�,/,/O�g KhOo+10 .!)�,jO
+10sd�uPH�HPO�%

7 ;¥D�; $�;9	5; ��:-8 "2! .-HPd�+LKBK ' HPO*.s,/T eh.!)�O*O!0*O
gi,jO�,/gi, +10sd�uPH�HPO�%

• � 0�,j'"H"HJ+�]
#�% Q O"RJ,/O�u!0*T/.<0�+10s0*O ' HPO*.s,/T eh.!)�O�+10!0 O�,t,jO

u!0*T MNKhO^0¶HJ+S+1Q ' KBg3g 0&�!0sd�g 0"R^+-,&' KB, +<)*)�%
2&% / , +S+LHPO 0*O�O HJ+10!0*O�uPKP+<.!)o+ TÅ,/,j.<0!�!Q HPTtT H*%
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• � 0�,j'"H�#\� KB,LM50s0*Oi+LH�'ZM5Q�.J0�T � K1MNHPO $&%ÅnÀ% V -�K5d M�,jO
M^0 -À)�T/.¡HPdfR�KhO�,/O�g HPO HJ+LHPT/g Q*OÄR1HP)*d¦0!0!�!0*TtTW0
gk)*)*O*O"Kh.JR�H�TtTW0^]
� � " A ! ;

falku
KhO

0
Qi��,jd�+10*)"R�%

�*C�ChD&D � ! 	�E��^A5A]� .¡K�K�R^+<)*)�.J0s0!d�, R^+10
u

1−→ v ∈ Gfalku

gi, RLR¡Q
u

1,+∞−−−−→ v ∈ E(G)
%

P _ ,jO!0kKhOk+-,jTI0!0&��,IHPTWQÄU*'$M�HPT/T H5%

P ` Tt,jg Q!Qsd¦Q�, R�HJ+ .<0!dÍR<, +10!0*O&�!0"RL+10&�!0�,/' H�HoR�R¡0
2&%

�D�%� " D
p
u�, +1QsQkR<, R¡Q*T +1Q!Q_MNKh. ,jO�.<0!0sd�,

u
1−→ v ∈ Gfalku

MSKBT/TW0
falku[u, v] = 0.

Q Tt,1�!0*Tt, +10!0*O d�,jO*O"H
p
MNKhT/TI03KhOk+10sd�.<0"RL+10�gÄ0o+LKhO

K�RJ)*)"R!0 M^0�u!0�T/.<0�+10!0*OiR<,jTtT HV)*)"R<,5+�UJehO�+LHP.s, M^Q�%

• � 0*T � KB,/T/TW03$&%ÅnÀ%�#"4�H�R<, +LHJ+1Q!Q�OÄ+LKB,jO HPOi+10*u!010�MSKB.J0
uPH�d�)"R^+<)*) KhO r�HPT/g 0*O M^0iRLUJeP+LH��sHPd�.¡KhO
gk)*)*O�+10�gk, R1H�HPOiR�Khu�, �!0"R^+-,â%
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• � 0�,j'"Hk2 � KB,LM50s0*Oi+LH�'ZM5Q�.J0�T � K1MNHPO $&%ÅnÀ%t[
gi,jO�,/gi, ��,jd�+10*)"RJg H�O"Ho+LHPTtgÄQ�TtTWQ^]
7�? �h:-C&A"8�82��E*: K��!0�+

u
f [u,v]−1−−−−−−→ v

.J0P,j.s,/T/TW0VO�,t,jT/TIQ
.<0!0sd�,/T/TI0

u
1,+∞−−−−→ v

MNKB,jTtTW0
f [u, v] > 1

%

� 8 ! :-8&A"8�82��E*:
v

+∞−f [u,v]−−−−−−−−→ u
K��!0�+ 0�,jO!0

g 0*'$M�KBT/Tt, RJ,W0�%
/ 0!0$M*0!0*O
��,/dÍ+10*)�R

ftarpeen
MSKBT/TW0

P dfHP, +S+-,ÅQkH)M�HPT/TÅ, R�HoRL+1Q d�, RL+LHJU*.JR�H�R^+1Q
uR�H�)�d³0!0��P0s0*O

v
TW0"RJ.¡H�H

ftarpeen[u, v] ≥ 1+�UoehO�+LHP.s, M^Q!Q
P ' HPO*.s,/T eh.s)*O*O!0*O�.¡Kh.¡KhO!0P, R^+10!d�� H ∣∣

∣ftarpeen

∣
∣
∣
KBO

g 0*'$M�KBT/Tt, RJ,/gkgÄ0�OVu�,IHPO�,­%
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• Y 0"RJ.!)NM^QsdIMNHoRL+�U*.JR�H�O&�!0*Tt,/O�+10&�!0�,j.!)o+S+10!0
0"RJ.¡H�Ttg Q!Qsd³Q!Q�O^]

g 0�+<d�,t, R<, d�, R-0 0"RJ.-HPT H"HJ+
A 1 2 0

\�R^Uoe!+LHsm
B 2 3 0
C 3 4 0

A ·B 1 3 0 + 0 + 1 · 2 · 3 = 6
B · C 2 4 0 + 0 + 2 · 3 · 4 = 24

(A ·B) · C 1 4 6 + 0 + 1 · 3 · 4 = 18

A · (B · C) 1 4 0 + 24 + 1 · 2 · 4 = 32

• :Uc bid)t n�lT,pc b[h(d$b dZf
)�,�,ec h�cpu�u&lHt
, l�hZ�T) j�'Zo j(d�h!b q&�(h�d)t��

• / Uoe!+S+LH"HPO!QiR-0s0$M50!0*O u�, +<.<Q gÄ0o+<d�,t, R<, +<)*T K
M1 ·M2 ·M3 · . . . ·MnMNK�RLR-0

P MNKh.<0�, R�HPO�g 0�+<d�,/, RJ,/O
Mi

d�, ��, QçM^0
R¡0!d¦0*.¡HPT/)*.s)*g Q!Qsd³Q�+_+<)�O*O HJ+10!0*O

P 0�,/O!03H)M�HPT/TÅ, R�HPO
Mi

R-0sd¦0*.¡HPT/)*.!)�gÄQsQ!d¦Q
=R�H�)�d³0!0��P0�O

Mi+1
d�, ��,/T/)*.!)�gÄQsQ!d¦Q�%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê Æ	�NÇ
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• 2 Osr�HPTtgÄ0 � ! ;t:1: "�" � ;tEhD5E&$ � ;j;âD :-8 � 8 " A ! ;j;âD
�!0*Tt, +^R1HPg 0*TtTW0 n�cecpu
d)c h(d#��h�c TW0"RJ.¡Ho+S+10��P0
g 0�+<d�,/, R<, +<)�T K 0hHPTt,<M^0*.¡Kh.¡Kh'�+10

1 ≤ k ≤ n− 1
MNKhT/TI0

TW0�Ro.¡HJ+10!0*O
M1 ·M2 · . . . ·Mk︸ ︷︷ ︸"�K � �����('
K �

·Mk+1 ·Mk+2 · . . . ·Mn
︸ ︷︷ ︸K '
���������('
K �

HPd�,/.JR�H"HPO�%

_ Ro.¡HPT/g Q!Qsd¦Q
=
0*Tt.!)*u*)"KhT HPOV0"RJ.¡HPT/g Q!Qsd³Q

+
T Khu*u*)*u�) KhT HPOV0"RJ.-HPTtgÄQsQ!d¦Q

+
��,/,/g HP, R1HPOÄ+<)*T KhO 0"RJ.¡HPT/g Q!Qsd³Q

gi, RLR-Q
�*,t,jg H!,jO HPO

=M1
]¥O�d�, ��, Q

·Mk
]¥O3R¡0sd³0�.-H(Q_H�TÅ,

Mk+1
]¥O�d�, �*, Q

·Mn
]¥O3R¡0!d¦0*.¡HPT/)*.s)*g Q!Qsd³Q

.

• _ RJ.¡H�Ttg Q!Qsd³Q*O .<0!0��P0�RL+10 O!Q�'$M5Q!Q*O1]

_ Tt.!)*u*) KBTt,ÿ.<0*O�O!0�+S+10!0 d¦0�+<.<0�, R^+10iHZM�)*T/TÅ, R<,jgkg 0*T/TI0
g 0*'$M�KBT/Tt, R1HPTtTW0i+10��P0�T/TW05%
/ 0*g KB,/O�T KBu*u*)*u*)"KhTt,­%
/ ,/, RÄO HiK��!0�+ � � :<; $�8�8��t; ! E�:i8 �t; ��8¶A�EBD*:¡E5E�: %

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê Æ	�L�
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• _ Tt.!)*u*) KBTt,JM^0 T Khu*u�)*u*) KhTÅ,^�sK�,LM50!0�O�d¦0�+<.<0�, R^+10
+LKB, RJ, RL+10!0�O�d�,/,ju�u*)*g 0�+S+10^]
_ Tt.!)*u*) KBT HPT/T H&�!0*Tt, +S+<)3H)MB)*TtTt, RJ,/O�d¦0�+<.<0�, Ro)kHP,�HoR^+1Q
�!0*Tt, +^R1HPg 0"R^+10 T Khu*u*)�u*) KhT H�TtT HkH)MB)*TtTt, R<,jOo+10
d¦0�+<.<0�, RJ)!0�%
/ ,/, RÄO!Q*g Q � ! 8��çD��BE�� $�85: � 	*8*:k;Å: ! EBD�CB; ! ;jC %

• � )*O�d¦0�+<.<0�, R^+10!0*O30*T/.s)*u*) KhT +10^0qOP,/,jO�.¡Kh.¡H!,jTtTW0!0*O
0*TÅ, M^0*.¡K1M^0

(M1) · (M2 ·M3 · . . . ·Mk)

(M1 ·M2) · (M3 ·M4 · . . . ·Mk)

(M1 ·M2 ·M3) · (M4 ·M5 · . . . ·Mk)%%%
(M1 ·M2 · . . . ·Mk−1) · (Mk)MNKB,LMPH�O 0*T/.!)�u*) KhTÅ,Å0�.¡Kh.¡H!,jTtTW0!0�O�g�Uoe�R .¡Kh.¡K

KhOsrPH�Ttg 0"R�R¡0�%
/ ,/, RÄO!Q*g Q � ! 8��çD��BE�� $�85: � 	*8*:
� C�C � �WE&A5A"CB; ! ;jC %

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê Æ	�²Æ
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• F@0�)*T/)*.¡KB,NM50!0*O�u!QsQ*T/T H�.s.JQP, R�Ho+ d³0o+<.J0P, RJ)�+�]
L[i][j] =

u�, HPO�,jO 0"RJ.¡H�Ttg Q!Qsd³Q +<)*T KBT/T H
Mi ·Mi+1 ·Mi+2 · . . . ·Mi+jHPTt,2�

j
g 0�+<d�,/, RJ, +<)*T K�0 g 0�+<d�,/, RJ, RL+10

Mi
0�T/.<0 HPO]�¡%

• _ Tt)"RL+<)�R)] L[i][0] = 0
MNKh.<0�, R�HPT/TW0

1 ≤ i ≤ n
%

• / )*)*dfHPgkgk,/T/TI0V,/O$M�HP.JR�HP,/T/TIQ
j = 1,2,3, . . . , n− 1

]

L[i][j] =
u�, HPO�,jO 0"RJ.¡H�Ttg Q!Qsd�, RL+1Q

L[i][k]

+L[i + k + 1][j − k − 1]

+Mi
]|O�d�, �*, Q

·Mk
]¥OkR¡0!d¦0*.¡H(Q

·Mj
]¥O3R¡0sd³0*.¡HPT/)�.!)*g Q!Qsd³Q

gi, RLR-Q&�!0�,j'�+LK�HP'$M�KP+ K��!0�+
0 ≤ k ≤ j − 1

%

• Y Khu*u*)o+<)*T K�R KBO
L[1][n− 1]

%

• / K�RÄ'!0*Tt)�+10!0*O g UJe�RG, +^R�H TI0"Ro.s)NM^Q!d MNHoRL+�U"R)0çO�,/,/O
Tt,t, +LHJ+1Q!Q*O .!)*'*)�O*.s,jO

L[i][j]
R�H�O�gk,/O�,jg KB,/O*)�+

k
%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê Æ	�²ñ

õ¡Ì ��Ï�ä^� � Ê Ì î��S�/� ¤f�h� ��ÇL� Æ�� Æ

� � � � � � � �:�5? �¶;âD�8��:��� �²;t:Z$�;

I +^R�H30"R<,Å0"RLR-0 .¡H�'P, +-,jgkg H -(T K"U%M�,jO 0*TIrPK�d�, +<gi,/O
.<0*T � KB,/T/TI0 $&%�#*%t2 M!U*O!0s0*gi, R�H�TtTW0iKh'NMNHPT/g KB,/O*O�,jTtTW0^]

���²; �Å8B; ! E*: ��" �^A " :-82	*8*: � Q d�,m�P0P,j'�+LK�HP'$M�KP+
.¡K5d�.¡H!,jgkg 0*T/TI0ÄR<, R¡Q"R1KBT/gk)*T/T H

1 ≤ k ≤ nT U*'�U�,/g3g Q*TtTWQVuPKhTt)*T/TI0 \�25mJ%

� � :<; $�8�8��/; ! E*:i8��/; ��8&A�EhD*:¡E*E*: � ' UoePR 0*T/.s)�QçML0
T KBu*u*) K�R¡0�+ K��!0�+ T U*'�U�,jgku�,WQ u�KhTt.!)NM^0�%
' )*)�+LHPO*'!0*O�u�KhTt.!)!0�\�2�m � KB, R<,ÀT U*' HPO�+1Q!Q5%

� : ! EhD�C�; ! E�: � ! 82�çD��hE&� $�8*: � � )*O
�!0*TÅ, +10!0*O T U*'�U�,jO�+1Q
T KBu*u*) K�R¡0!0^0qO�,t,jO H!,*+10sdY��, +^R�H +-,IHJ+1Q!Q10(gi,jTtTW0�,/O HPO
T U*'�U�,/OV0�T/.!) KPR-0
�!0*Tt, +S+-,/,/O�%

�cC�C � �WE&A5A"CB; ! E*:(� ! 8��çD��BE�� $�85: �
W (i, j, k + 2) = min(W (i, j, k + 1),

W (i, k + 2, k + 1)+
W (k + 2, j, k + 1))

W (i, j, k + 1) = min(W (i, j, k),

W (i, k + 1, k) +

W (k + 1, j, k))

W (i, k + 2, k + 1) = min(W (i, k + 2, k),

W (i, k + 1, k) +

W (k + 1, k, k)

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê Æ	��ô

õ¡Ì ��Ï�ä^� � Ê Ì î��S�/� ¤f�h� ��ÇL� Æ�� Æ

• � U R^U*g�U5.<RJ,t,jO(��gk,/.<QkKhO�T U*'�U�,/O�uPKhT/.!)
R�KhT/gk)"R^+10

i
R1KBT/gk)*)*O

j
�Z���!0"R^+10�+S+-,/,/O

P +<)*T K�RL+10�gÄ0�T/TW0 5 d)oS)!h)bid#,�) RJ,/T/T Hm0(gk, +LHPOiR1HPO
u�, +<)*)"R

W [i][j]
R¡0!0�+-,t,jO TW0"RJ.¡Ho+S+<)s0

P .<Q-U"+S+1Q�gÄQ�T/TWQk0*u�)*O!0
Tt, R-Qo+-,IHJ+LKhg 0�+<d�,/, R<,Å0

K[i][j]
%

• / 0*g 0V,LMPHs0 u!Q�+LH�HV.<0�,j.¡HoRLR-0SM!U*O!0!0*gi, R�HoR�R¡0
Kh'NMNHPT/g KB,/O*O�, R�R¡0^]

P 2 u�+-,/gk,W0sdY� K�0\�!0"RL+10s0!�!0Ä+LKB,/gi,jO�+10�+10�u!0
R¡0!0$M50!0�O j�'T, j�c b b^'Hu('�,9,:' bkl%l��(h�d�52'Hcet �=u�c bid)t
gT5 b6ceu�c lZo n�g�h�l%l1b6cecpt3H�d�,5+10*uPK1M^0&�!0*Tt, +^R1HPg 0*T/TI0�%

P /!Q*T M1, +S+1Q*gi, R^+1Q��P0sd�+LHPO
� KB,LM*0!0*Oi+10sdY��, +10
0*u*)o+-,IHJ+LK5d³0*.¡HPO�+LH!, +105%
F Q"RLR¡Q�Tt, R-Qo+-,IHJ+LKhg 0�+<d�,/, R<,Å0

K[i][j]
%
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�1ä^� ¤¥�^� �³¤Í� �f¤ÍË�� �¥Ï¦Ï³� ��ÇL� Æ�� ñ

� � � � ��� � �&;Å:7�À;âD5:<;tE*:-C�; ! ?P? !

��#m0¶KhO r�HPT/g 0 #)RZQ V �¶[ 0(T/)!�*)�+Ä#*#*%t2 �ç#*#*%ÅnH�

• � 0*'$M�HPO�g H�d�.!.s, MNKhO KhO
s = p1p2p3 . . . pm

t = q1q2q3 . . . qn�!Q*Tt,/O HPO dZfHc big1cet^b6ced$b^'Hc h q!q%h�\�H)M�, + M�, RL+10�O$KoHsm KhO
u�, H�OP,jO�g Q!Qsd¦Q u )�g2�6��l�)!h(l�hZ��d#,ed)c bklH0oMNKB,jTtTW0
g HPd�.!. , MNKhO K

s
R¡0!0$M50s0*O�gk) Kh.<0�+S+<)s0

g HPd�.!. , MNKhO Kh.<RJ,
t
%

• ' ) Kh.!.<0*)"R¡0"RJ.¡H�T H�Ho+ K��!0�+ qsrmfHd)t u
dZo^�%cet
	*8�; �*:�� :��ÿ; ! E&A ! ;

�^�  -x 7→ � �  -x
�t; ! C!? !

w�"! 7→ w�"! "
� �À; ! :��

�  ,+!� 7→  ,+!� .

• Q M�, +LKB,/O�+-,IHJ+1Q�, RLU�U$M�HPT/TIQ gi, +10�+10!0�OkHoR<,jg HPd�.s,/.JR<,
� RO_ QNR�HP.(� H�O�R�R<,IHPOkR-0�gÄ0�O*.<0*T +10�, Ro)�)�+S+10�%
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• a 0!�!0�,jO�+LK ]
P ' ) Kh.!.<0*)"RJ.¡Kh'�+10!0&� KB,NM50!0*O�.!)�T MNHJ+S+10!0
MNKhO K�RLR¡0

s
.¡Kh.¡K 0NM^0*O d%bid!d)t�52'�cpt

�!0"R�H�gkg 0*T +10iK�,j.¡H 0*T/T H5%
P ' ) Kh.!.<0*)"RJ.¡Kh'$M50�O�uPHPd�)�)�+S+10*gi,jO HPOÄ+10!0�.JR1H

u!Q�,/O3H!,<MNKh'$M503HJ+LHPO HPgi, R^+1Q u!0sdfHPg3us0!0*O
d¦0�+<.<0�, RJ)*)*O�%

• a 0!�!0�,jO�+LKV+10*.<0!0
� � :<; $�8�8��t; ! E�:i8 �t; ��8¶A�EBD*:¡E5E�:
;Å: ! EBD�CB; ! E*: � ! 82�çD��hE&� $�8*: �

• Y 0"RJ.-HJ+10!0�OkR<,/, R gÄ0o+<d�,t, R<,
D[i][j] =

0�T/.!) KPRJ, H�O
s = p1p2p3 . . . pi

t = q1q2q3 . . . qj�!Q*Tt,/O HPO3HZM�, +LKB,/O�+-,IHJ+1Q�, RLU�U"R"%

• � HP)*O!0 HP'$MPKP+ +�U*'NM�,jTtT H 0�T/.!) KPRJ,/T/T Hm]
D[0][j] = j

�t; ! Cs? ! +1Q
D[i][0] = i

� �ÿ; ! :�� 0
.
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• Q O�+1Q�g 0�+<d�,/, RJ,/OiRJ, R-Q*us0�,j.<0�+
D[i + 1][j + 1]

�

• � )*O�gk) Kh.!.<0*)�Ro.¡Kh'�+10kKBO�g HPd�.s,jO
pi+1

u!Q!Q�T/TWQ10
O�,t,jO
! E 	��ÿ; �h8�8&D ! C�; �W?P:1:-C�C ! 8�$�8hD�8 gk)�+S+10&�!0�,/O

MNK�R
pi+1 = qj+1

% / ,jT/T KB,jO�.¡Kh.¡K '�,jOo+10 KBO
D[i][j]

gk) Kh.!.<0*)"R¡0"RJ.¡H�T +10�%
! E 	��ÿ; �h8�8&D A]� � 	*8*:<8 $ E��^AP; � �tC

qj+1 �
/ ,jT/T KB,jO

.¡Kh.¡K '�,jO�+10kKhO*.s,/O
D[i][j] + 1

gk) Kh.!.<0*)"R¡0"RJ.¡H�T +10�%
! E 	��ÿ; �h8�8&D � �ÿ; ! :-8�8 � / ,jTtT KB,/O�.¡Kh.¡K '�,jOo+10 KBO

D[i][j + 1] + 1
g3)"Kh.!.<0*)"R¡0"RJ.-HPT +10�%

! EhD � E���C�ChD 	��ÿ; �h8�8hD �t; ! C*:-C $ E&�^A�A�;
qj+1 �/ ,jTtT KB,/O�.¡Kh.¡K '�,/O�+103KBO

D[i + 1][j] + 1
g3)"Kh.!.<0*)"R¡0"RJ.-HPT +10�%

R Q*g QkK��!0�+ E&�²; �t8�; ! E�: ��" �^A " :-8
	*85: %
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• � 0*Tt, +10!0*O u�,IHPO�,/O^]
D[i + 1][j + 1] = min(D[i][j] + e,

D[i][j + 1] + 1,
D[i + 1][j] + 1)gi, RLR-Q

e =







0
MNK�R

pi+1 = qi+1

1
gk)*)o+LH�O

.

• F@0sd���, +10!0*O&��,IHPTWQ g 0�+<d�,/, RJ,/O
D

+1Q-U"+S+LeHh])
)�t^bkl23
P X 0�,j.!.<0!0�O

D[i + 1][j + 1]
+10sd��*, +10!0*O

#*%
D[i][j] =

H)M�HPT/Tt, R1HPO�d�, ��,jO
i
H)M�HPT/TÅ,jO HPO

R¡0sd³0�.-H
j

2¶%
D[i][j + 1] =

H)M�HPT/Tt, R1HPO�d�, ��,jO
i
R¡0*g 0

R¡0sd³0�.-H
j + 1

V % D[i +1][j] =
R-0�gÄ0�O d�, ��,jO

i +1
H)M�HPT/Tt,/O HPO

R¡0sd³0�.-H
j
%

P F Q-U�+LHJ+1Q!Q*OiR<,/, R
∗ d�, ��,¶.¡H�d�d¦0*T/TI0!0*O

∗ d�, ��,/OkR<, R¡Q*T/TIQ
�!0"R�H�gkg 0*T +10iKB,j.¡H 0*TtT H*%
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• ' ,jO�,/gk, �!0"RL+10�)"RG,/T/g HoRL+�U�U
��,/,/g HP, R1H�HPO
+10*)*Tt)*.!.¡Khu!0P,j.!.<0!0*O

D[m][n]
%

• ' ,jO�,/gk, �!0"RL+10�)*.JR�H�OiR¡0!0!�*)�+S+10��*, HPO
gk) Kh.!.<0*)�R1KhuPHPd³0s0�+-,IKB,NM�HPO_MNKhO K � KB,NM50!0*O
+<)*T K�RL+10s0
P +1Q"R^+1Q&��,/,jg H!, R�HoRL+1Q

+10*)*Tt)*.!.¡Khu!0P,j.<0"R^+10
D[m][n]

TWQ�'�+-,IHPO
P dfH�.s)*dfR<,IKB.!)�+^RJ)*T/TI0

muokkaus(m, n)

P MNKh.<0 M^Q*T M1, +S+1Q!Q +10!0*.JR�HPu!Q�,jO us0�,j.¡KB, R�R¡0
D[i][j]KhT H���, H�OkK�R¡0!�!0"RL+10�)"RL+LHPO�\jMSKBO*.s,jOsm

R^U5Oo+�U*'�, RL+LK5d�,Å0*O
P O!Q�,NM�HPO3K�R-0��P0�RL+10*)�RL+LHPO uPH�d�)"R^+LH�H�TtTW0
P ,jTtg 0*OkHPd�,/T/Tt, RL+10 0�u*)�+-,IHJ+LK5d¦0*.¡H�O�O HJ+S+10�%
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�) HPO$KoHsm
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KhOsrPH�Ttg 0!0^]

� DhD�E�:-8�8&D Tt)*.!)NMNKhO"K

p1, p2, p3, . . . , pn.
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1 ≤ i1 < i2 < i3 < · · · < im ≤ n

MNKhT/TI0 0�,jO!0
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p1, p2, p3, . . . , pkR�H�O�u�, R<,jO ,jOZM�HP.JRJ, MNKhO K
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, ik2
, ik3

, . . . , ik`
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� D��BE�� $�8 � / HP)*d¦0!0!�!0*O 0*T/.s) K�R¡0*O
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u!0sd¦0"R
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, . . . , i′k′`−1
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pi′
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`−1

< pk+1
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u�, R<,jO ,jO$M�HP.JR<, MNKhO"KhO�u�, +<)*)�R

• +10*)*Tt)*.!.¡K
Ik[1 . . . mk]

MNK�R�R¡0
P Ik[`] =

,jOZM�HP.JRJ,<MNKh'"KhO�u!Q!Qo+S+�U�U_MSKB.s,jO
uP, +<)*)�+S+10

`
KhT H��!0 ,/O$M�HP.JR<, MNKhO K 0 M^0

P gi,/.JQsQ*O gk)*)iR-0�gÄ0�O�u�, +<)�,jO HPO
,/O$M�HP.JR<, MNKhO K�H!,1� KB,¶u!Q!Q�+S+�U"Q 0�,LM�KPRL+-,
uP,IHPO HPgku!Q!Q*O 0sd��sK�KhO�.!)�,/O

pIk[`]
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mn

%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê Æ²ð²ó

Ã<� �f� �ç�³�Lá³���£¢ Ê¶Ê Ì � þj���³� ��ÇL� Æ�� ô
� � "2! : "2! �

m1 = 1
M^0

I1[m1] = 1
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�Z:¡EBD5E�$�;âD�EBD � 2 Tt.-K�KP+
mk

ML0
Ik

TI0"RJ.-HJ+<)�+o%
2 O*.¡K�KhT HPg 0"RLR-0

`
MNKhT/TI0

pIk[`−1] < pk+1 < pIk[`]
\1#*#"m

d¦0NM^0�+10*u!0*)�.JRJ,/O!0
pIk[0]

= −∞
pIk[mk+1] = +∞?

/ K�R&g1t OP,/,jO
mk+1 =

MSKPR
` = mk + 1

O�,/,/O
`
gk)*)�+LHPO

mk

Ik+1 = Ik
u!0P, +^R<,�HJ+S+1Q

Ik+1[`] = k + 1.

/ K�R&d)ccO�,/,/O

mk+1 = mk

Ik+1 = Ik.
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`
� KB,NM50!0*O3HJ+^R<,ÅQ
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O(n · log2 mn)
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+<)*T Kh.JR�H�O .!)�,/O3R^U"RL+LHPg 0!0�+S+-, R1HoR^+-,&.<0�,/.!.s,
�!0�,j'o+LKBHP'$M�K!+b+<)�+<.s, �P0�T/TW0SMsU5Os0!0*gi, R�HPT/TW0
Kh'NMNHPT/g KB,/O*O�,/T/TW0 �

P 2 O�u )1b �$c�����l%lHu 51l$lk0*Os0*T U"R�KB,LM50
.s, R-0�+LHP'�+1Q��PQ30*'*O"H�)o+LH"HPO 0"R^+-,À.s)�,jO
M!U*O!0!0�gk, R1H�HPOkKh'NMNHPT/g KB,/O�+-,/,/O�%
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� � ��� ��� �*8*:"A " 	*8 ��E ��" D � 8¶A5A"8 "�! �çD��hE&� $�8

F@0sd�.<0"RL+LHPTtTW0!0*OiR�HP)*d¦0!0!�!0!0 o dZ5�)Ht�51l��6��l�)!h�gmt�
Fd#,pu&l%l
\L.!O!0�u"R-0ZKP.�m&��#m0&R<, �*)�+ V [*2 � V [ V �ÿ6 0R<, �*)�+ V $�2 � V $mR%� ]

• 2 T HJ+Ggk)*d�+10*)�+<)�O*)�+ ��lHt�
sl!h�.<0*)*u*us0!0*O�%

• � HPu*u*)*)�RJ,ÀgÄ0�'�+<)*)�.¡K5d�.-H!,/O�+10!0*O
W

g
.<0*Osr50�RL+10�%

• F@0sd MNKhT/TI03KhO�.<0*O r50"RJu!0*.<0�+
i = 1,2,3, . . . , nMNKB,jTtTW0

P u!0*.<0"RLR¡0
i
KhO

wi > 0
g

P .<0*O*.<0!0"R^+10
i
R-0s0VT/)*)�.!)�+S+10NM^0*T +10

vi > 0 ¤
T�g %

X 0*.¡KB, R^+10 n�g1c , dZc9��l1bklV.J0�Osr50"R^+10kR¡0*.JR<,jTtTW0
'!0*Tt)!0*g 0*O"R¡0 g Q!Qsd³Q�O�%

• ' , +LHPO�gÄ0�.JRJ,/g KB, + dfHPu*u*)"R<,h0sdY� KhO��
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• FG, Ho+LHPO*. ,jO lHrmtHd!d h!b6c 3
#�% _ TI0i+1Q-U�+S+1Q!Q dfHPu*u*)!0�RJ,ÀgGHJ+<d�,j'�,/O*O!0*T +10!0*O

.<0*T/T H!,jgkg 0*T/TI0V.<0*O�.J0s0*T/TI0�%
2&%A/ K�R R�H T Khu*u*)�)^0 M^0�dfHPu*)"RLR-03KhO
��,IHPTWQÄ+-,jTI0!0^0

O�,t,jO M^0�+<.<0iR1HP)*d¦0!0!�!0*.JR<,¶.<0*TtT H!,jgkg 0*T/TI0
.<0*O*.<0!0*TtTW0�%

V %A/!0�OP,/,jO3HZMPH�TtT H�HPO^0(.!)*O�O HoRidfHPu*u*)"R<,�KhOk+1Q-U"RJ,
\�+10�,¶.<0*)*u*u!0i+�U*'NM^Q!mJ%

• � ,/, +S+1Q!QiR<,/, R TW0NM�, +LHPTtTW0 u!0*.<0�+ gGHJ+<d�,j'�,/O*O!0*O
gk)*.<0!0*O

O(n · log2 n)

0"RJ.¡H�T H�H�RLR¡0
\ �!0�,j.s.J0�u!0�.<0*T �sK�MSHPO V %t2 u�,j.<0NM^Qsd MSHoR^+1Q*gi, R�HPT/TWQsmJ%
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� � ��� � � �G; ! A2��E*E�:¡:<;0��E ��" D � 8&A�A"8 "2! �(D��BE�� $�8

� HPu*)*O*us0*.!.<0*)"R�KhOsr�HPTtgÄ0�OiU*T H!,jO"H�Oi+10*us0*)"R���#m0
R<, �*)�+ V [*2 � V [ V �ÿ6 0qTt)*.!)3[&%tn��>KhO�.!)P, +LHPO*.s,/O
M�, Ro.!dfH�HJ+S+-,;]

• 2 T HJ+<.s,/O�gk)*d�+LK��!0sd�.<0�, R�R¡0
d#,ed#�Hb6o g1tmcec�����l�Tt,t,j.!.¡H�HoR�R¡Q�%

• � HPu*u*)"R<,ÿ.¡HoR^+1Q!Q .¡K�d�.¡H!,jO�+10!0�O
W

.�rVR-0!0�Tt, R^+10�%

• F@0sd MNKhT/TI03KhO�TI0�, +S+LH�HJ+
i = 1,2,3, . . . , n

MNKB,jTtTW0
P TW0P, +LH

i
u!0P,jO!0!0

wi > 0
.or

P TW0P, +S+LH�HoRL+10
i
R¡0!0 T/)*)*.s)�+S+10NM^0*T +10

vi > 0 ¤
%

� )*.s,jO�TI0�, +LH +1Q-U�+�U�U MNKh.¡K g^b bkl%l�bklHc j7'1b b^'�'
��g2��g1t�l%l�t10qO�,/, +1Q3H!,�R¡0!0�u*)*d�.<0!03KPRJ,t,jO�%

• ' , +LHPO�O�U�+Gg 0*.JR<,jg KB, + d£HPu*u�)"RJ,h0sd�� KhO��
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• � HPu*)*O*us0*.!.<0*)"R�KhOsr�HPTtgÄ0kKhO
NP

Q²+1Q-U$M�HPT/TÅ,jO HPO
�ÅnX0¶KhO r�HPT/g 0 ' X $%� ]
_ ,NM�K�R^+-,ÿuPKhT U*O Khgi, RL+10�\ ≈ +LH�'"Kh.<0"RL+10sm
0*T r�K5d�, +<gk,W0kH!,�RJ,t, RÄ.<0*O*Os0�+10kHJ+^RJ,WQ�%

• � 0*T � K1MNHPO #"4&% V %�#_M^0�+<.!)!�!0&� HPdfR<,IK u-U"RLU�,
uPKhT U*O Khgi, R1HPO!0^]
� HPu*)*O3R¡0�,B0�,jOs0k+1Q-U�+LH�HPO gÄ0�'$M�KhTtTt, R<,jgkg 0*O
.<0*T/TÅ,/, +10�.<0*O*.<0�, +10�%

• F Q*g QSM�, Ro.sd£H�HJ+S+-,1� HPdÍRJ, K�KhO��!0�,/.¡Hs0�g3uP,;]
� 0*O*O!0�+S+10s0*.¡K KP+S+10!0
	*8���8�8�$ � ; d£HPu*u�)�.<0*TtTt,t,jgku�,Å0
:-C!? �BE&$ � ; d£HPu*u*)�'!0*T � HPgku�,Å0
TW0P, +S+LH!, +10��

• Q d�,Àu!0�.!.<0*)"R �P0P,j'�+LK�HP'�+LK1M^0kKBO
2n .!u*Tj%

• � H�RJ.¡HPO HPd³Q�, R1HoR^+1Q�u!0�.!.<0*)"R �P0P,j'�+LK�HP'$M�K�R^+10kKhO
�!0�,j.¡H 0kR¡0*O K50 HJ+<)*.<Q�+LH�HPO^0BR-0s0*.¡K�R<,/, +1Q�'�U!�!Q*O
�!0�,À'*) KBO KhO�T Khu*u*)�+<)�T Kh.JR�HPO�%
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• � 0*T � KB,/T/TW0\[¶%t2�R¡0*g 0!0kKBOsr�HPT/g 0!0 d³0�+<.¡KP+S+-,t,jO
d¦0NMNKB, +S+10!�!0*TtTW0iHJ+^RJ,/O*O!Q*TtTWQ�%
P / ,IHPTtTWQ .<Q-U"+LHJ+S+�U�.¡HoRJ.-HPO HPd¦Q�, R�HPO
�!0�,/'�+LKBHP'$MPKhO

0sdY��, K gk)�, R^+<)�+S+10!0�.s,jOV.<0*T � K1MNHPO #"4h% V %Í#M^0�+<.!)!�!0!0 +10*u!0�)"RL+101]
∗ Y 0"RJ.¡HJ+10!0*OV,j.<Q!Q�O�.!)�,/O�.J0�T/T H!,/O M^Q*T MNHPT/TIQ
KBT H��!0i+10!�!0sd³0kKBTt, R<,j. ,jO�.<0*Osr50"R^+10^0�M^0kR<, +1Q
KBTt, R<,Àd�,/, +S+1Q��PQ�RL+-,­%

∗ Q R<,jg HPd�.!. ,&' HP)*d�, R^+-, R�HPO�gi, +10*O
MNKh'o+10*gi, R�H�R^+1030*T/.!)�u�HPd¦Q�, R�HPOÄ+LH�'o+1Q!�!Q*O
o�l�j(g1c b*)���h�c l ,pc d%n(d)t^b^'�u 'T,�,:'�%

P Q +^RJ,/O�+1QkKhO*.s,/O�)"R1H!,/O�'�U!�!Qi+10*u!0 d³0o+<.J0P, R^+10
�!0�,j.¡H 0kKhOsrPH�Ttg 0^]
∗ � 0"R^+10*)"R h�l%l1b bkl%lVT e U�+�U"Q O KhuPHs0�RL+-,/.s,jO^0�MNK�R
KBT HPgkgGH KhO*O HP.!.<0�, +10��

∗ açU!�!Q�' HP)*d�, R^+-,jO HPO�gi, +S+10V.<0"R �!0�+S+10s0
g 0*'ZM�KhT/TÅ, RJ)*)*.JR<,Å0�g3g H*%

• F K�,jO HPO�g 0*'$MPKhT/TÅ, RJ)*)"R KhTt, RJ,5U*d�, +S+1Q!Q .<Q-U$M5Q�TWQ*uP,
.<0�,j.s.s,1�!0�,/'�+LK�H�'ZM�KP+ h6q%h)bid)u&l%l1b b6c h�d h!b6c u )1b bkl
bid)rHg2����l%l�h)b6c/%
` d�, +LHJ+1Q!Q�OiR1HP)*d¦0!0!�!0*.JR<,5RJ, +1Q�%
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• Q M�HJ+1Q!Q*O�.<0*T � K1MNH�O�#"4 M!U*O!0!0*gi, R1HPT/TI0
Kh'NMNHPT/g KB,/O*O�,/T/TW0 
 �!Q*T +LHo+1QsQ*OiR¡0*g 0*O*TI0�, R^+LHPO
�!0�,j'o+LKBHP'�+LK1MNHPOi+LK�, R^+<)!�!0�.<Q"R<, +S+LHPT Uo%

• / Kh'$MPHo+10s0*O�u!0*TW0�)�+<)"RJ.J0s0!�!0

hinta(i, u) =
u!0sd¦0"R�'�,jO�+10�MNKh.<0 � KB,NM50!0*O
R-0s0$M50�.!)*O��P0�Tt, +10s0*O�TW0P, +S+LH!, R Q
+10

1,2,3, . . . , i
.¡K5d�.-H!,/O�+10!0*O

u
.�r9u!0�,/O KB,jO"H�OiU5'ZM�, R^+LHPT/g Q

u!0sd¦0*g Ho+<d�,jO
i
RJ)*'�+LH�HPO^]

P hinta(0, u) = 0

 H!,�KBT H gi, RL+1Q&�!0*TÅ, +10�%

P / K�R
i > 0

O�,t,jO�TI0�, +S+LH�HPO
i
� KB, +

�h:¡:-8�8 d£HPu*u*)�)*O^0qgk)�+S+10&�!0�,jO_MSKPR R1H
g 0*'o+<)*)kHPTt,

wi ≥ u
0"M^0kR<,jTtT KB,/O�Tt)*)*.!)o+S+10NM^0*O

+10sd MNKh)"R KhO
hinta(i− 1, u− wi) + vi

��C*:1:-C�C uPKB, R!0"MNKhTtT KB,/Oi+10!d MNKh)"R
KBO*.s,jO

hinta(i− 1, u)
%

� 0*Tt, +^R1HVOP,/, R^+1Q�.¡K5d�.-H 0*gku�,H�P0P,j'�+LK�HP'�+LK¶%

• / ,jTtT KB,/O�u!0sd³0"R R-0!0�Tt, R KhO
hinta(n, W )

%
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• � KB, R<,jgkg HG+10*)*T/)�.-K�,LM50
hinta[i, u]

gk)�+S+10
P u!0�,/O KP+GuP, +1Q�, RJ,�HPO"R<,jOkRJ.J0s0*TW0�+10

.¡Kh.¡KhO!0�, RoTt)!�*)�,j.<RJ,
P O!0!0�u*)*dfHP, R�R¡0 0P,jO!0

hinta[i, u− 1] ≤ hinta[i, u]

M^0�)"R�H!,­\Lgkgi, +LH m-O

hinta[i, u− 1] = hinta[i, u]MNKP+LHPO�.<0*O*Os0�+S+10!0 gk)�, R^+10!0\�!0�,jO
gk)*)�+LK�RJ.¡Kh'$M50o+

u
MNKB, RLR-0

hinta[i, u− 1] < hinta[i, u].

• _ u*)o+-,IHJ+LK5d³0*.¡HPO�+LH!,j.<RJ,¶d�,t, +S+1Q!QiR<,/, R
Di = {〈p1, q1〉 , 〈p2, q2〉 , 〈p3, q3〉 , . . . , 〈pm, qm〉}gi, RLR-Q
P u!0sd�, 〈

pj, qj

〉 +10sd�.¡KB, +S+10!0 �1u!0P,jO KhTtTW0
pj

.�r
R¡0!0$M50!0�O '�,jO�+10

qj ¤
�

P KhO M^QsdIMNHoRL+�U"R
pj < pj+1 ≤W

M^0
qj < qj+1

%

 .<0sdfR<, +10!0�O '*) KhO K�ML0
�P0P,j'�+LK�HP'�+LK1M^0�%
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• _ u*)o+-,IHJ+LK5d³0*.¡HPO�+LH�HP.JR<,Àd�,/, +S+1Q!Q_M^Q!d MNHoRL+LHJ+S+�U Tt, RL+10�%

Y , R^+10
D

R<, R¡Q*T +1Q�.-e�ehO 0*T/)*.<RJ,1�!0�,/O
u!0sd�,/O 〈0,0〉 �
� � � 8�� � TW0�, +S+LH"HJ+

1 ≤ i ≤ n
�&�

F H�HVTt, RL+10"R^+10
D

gk) Kh.<0�+S+<) .¡KhuP,IK
D′

MSKPR�R¡0
P KhO�gk)*.<0*O!0 u!0sd�, + 〈

pj + wi, qj + vi

〉

P g3)o+S+10kHP,¶'!Q*Oo+1Q!Q MNK�RLR-0
pj + wi > WP MLQsd MNH�R^+�U R R¡Q�,jT U�U �Y KBgk, +10 Tt, RL+10�+

D
M^0

D′
R<, +LHPOkHo+S+1Q

�sHPd�d³0o+S+10 HoR�R¡0 us0!dfH�M^0 〈p, q〉 ∈ DML0 〈
p′, q′

〉 ∈ D′
]

P / K�R
p < p′

O�,/,/O���,IH)M5Q!Q*O Tt, RL+10*O
D

u!0sd�,
+<)*T K�RJTt, RL+10�O�T Khu*u*)�)*O�%

P / K�R
p > p′

O�,/,/O���,IH)M5Q!Q*O�.s,jO Tt, R^+10*O
D′u!0sd�,­%

P / K�R
p = p′

O�,t,jO���, HZM*Q!Q*O*.s,/O
u!0sd�, 〈

p,max(q, q′)
〉 %

P Q M�HJ+1Q!Q�O�Tt, RL+LK�, RLR-0
D

M^0
D′

Kh'�,ÀO�,t,LM�HPO
u!0sd�, H�O MNKB,NM�HPO�'P,jO�+10*.¡HPO�+S+1QkKhO
.-K5d�.¡HP,/O�+10!0*OÄU*'�+1QkRJ)*)*d�,ÿ.!)P,jO
+<)*T K�RJTt, RL+10s0*O
��,IH)M!U"RLR-Q�u!0sd�, RLR-05%

Y KBgk, +<)*.JR�HPOÄ+<)*T K�R KhT/.¡K�KhO3R�H�)�d³0!0��P0
DEhD�� � � � ���E*: " �SD \�HPu!Q�+�U5'²MLQ�O!mGTÅ, R^+10*O

D
�*,t,jg H!, R�HPO

u!0sd�,/O�'�,jO�+10�.-HPO�+S+1Q �
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�t[ 0qTt)*.!) #�2��

• W R1H!,jO�.s, R-0o+LH�'o+1Q!��, RLR-Q .<Q"R<, +LHPT/TIQ!Q*O oS)
)Hf2)T����gkj�l
\²rBd�,LM5m�0"MSKBT/TW0kKhOkR-QsQ*O*O ehTtTt, R1HPO!Qi+LKB, RL+<)!�!0
d¦0*.¡H�O�O H*%

• � )*)$M�)*.!.¡K � KB,À.¡KBKPRL+<)!03HoR<,jg HPd�.s,/.JR<,
D5E��t; �ÿ; ! :<C .!)�+LHPOkRo's0*.!.s,/TW0*)�+10
A "�"2! ;|A " � $�;9�ÿ; ! :<8 .!)o+LH�O '*)*O!0²ML0�.-HPO*O"K
A]� � $�;9�ÿ; ! :<8 .!)�+LHPO�.<0*T � KB,/T/TI0�#*#*% V %"%�%

• F HP'�+1Q��PQ�R�R¡Q
� KB,NM50!0*OkKhT/TI0�. ,/,jO�O K�R^+<)*O H!, +10
d�)*)�+<)NMNHPO
! ; ! C�8�� " E�; ! :-8 .s)�+LHPO�uPHPTt,/TW0*)$MPKB,jTtTW0
��E " D�8
	5;j;9	��À; ! :-8 ��8 �²; ! :¡E�?BA ! ; ! :-C .s)�+LHPO

.<0*)*u*)�Osr�, RLR¡0^0"MSKPR�R¡03KhO�d�)*)o+<)*.<0!0!�!0�%
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 �áNá�ä^á²ÎÍ�^� �¥¤ Ê �²�

• W R1H!,jO�.s, R-0o+LH�'o+1Q!�!Q*O&� KB, u&l�,9,pcet^bkl%l n(d)o^����g1t�l
GMNKhO*.<0kR1KBT/gk)�+ M^0�.<0!0sdfHJ+�0�O�+10!0�d�)*)$M�)*.!.¡K ]

� E&�/; �Å8 " �h8�� �Å8 � HPd�.¡KhO
! �%� $ " ;¥D�8 K��!0�+Gd�)*)$MB)�+ MNKB, R�R¡0�O!0*u*u�)*TW0
� KB,
KBT/TW0

A"8�8��²;âD�8 K��!0�+ gÄ0�'$M�KhTtTt, R�HJ+ R<,/,jd�dfKP+Gd�)*)$MB)"R^+10
+LK�, R�H"HPO�%

� "�" : " A"8�8
	*8 !�! 8 �sHPd�.¡KhO
! �%� $ " ;¥D�8 K��!0�+G.<0�+<)NMNHPO�d�, R^+LHJU5.<R1HJ+
A"8�8��²;âD�8 .<0$MB)o+o%

• / ,jTtT KB,/O
�sHPd�.¡KhO G
� KB, bigsbid;)1b bkl$l rHd#, 5 g1u�u�cpt

P R<, MNKB, +S+10�gÄ0�T/TW0 R1KhTtgk)�+
bkl
)�,�)�����gsg1t10�MNKhO*.<0
,jOZM�HP.JR1K�,jO�+-, +10*u!0�O"Kh)$M50�+S+10s0 d�, RL+-,/.-KBO
d¦0*.¡H�O�O HJ+S+10

P .¡K5dY�!0!0*g 0*TtTW0V.<0!0sdfHJ+GO�,/, +1Q
�!0"R^+10!0!��,jTtTW0
cptHfHd#��h�c d)t�,Ll!h��T)1big1ceuSc b*)���h�c�,9, l*%
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• F@0sd�.<0"RL+LHPTtTW0!0*OiR�HP)*d¦0!0!�!0!0
�!0*O*.s,/TW0*us0*.¡K%QSKBOsr�HPT/g 0!0^]

P / Uoe!+S+LH"HPO!QiR¡0!0$M*0!0*O
�!0*O�.s,jTI0*O�uPKh'NM^0*u�,t,jd�d£KPR
g 0�+<d�,/, R<,jOs0

B[0 . . .2 ·m][0 . . .2 ·m]
%

P / Kh.<0�,/O HPO�us0�,j.!.<0
B[i][j]

KhO MNKh.¡KV+�U*'NM^Q!Q
��' q b^'1n7'sQ +10�,Xu )
)Hokc|0 • %

• • •
• • •
• • ◦ •
• • •
• • •

• / ,jOsQ ◦ KhT HJ+�0*T/)�.JRJ,m�!0*O*.s,/TW0*O .¡H�RJ.s,/u!0�,j.<0"RLR¡0
B[m][m]

\jMNKh.<03KBO�.<Q<U�+1Q!�!Q!QsmJ%

• F@0��sK�, +S+LH�HPO!0"R<,�KhO�u!QsQ"RL+1Q&�!0*O*.s,/TW0"R^+10iR�HPO
MNKhO*.s,/O�d£HP)*O!0�OkU*TÅ,1�P0�u!0*)�+LH�HPO�%
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• � 0*O*.s,/TW0"RLR¡0
� KB,ÀTt,t,j.!.s)!0kR�HP)*d³0s0!�!0"RL+-, ]
P R U5.-U*, R1HoR^+1Q u!0�,/.J0�RL+10&�sK�,�R<,/,/dÍ+�U"Q�gi,j'�,/O

+10*'!0�O"R-0 Os0!0*u*)*d�,jus0�,j.!.<0!0�O^0&H!,À.!)*T/gi, +S+10�,jO�%
P � Q<U�+1Q!��,/T/TWQ\� KB,À'�,t, ��, RJ.¡H�TtTWQ^0(gk)�+S+10 OP,/,jTtTWQ dZc
��lHtmt�lmbkl u
lT,ed#��h�c l +<)�d�'!0s0*O�%

P ' )*)*d�,/,jOi+1Q-U�+�U�UkHPO"RJ,/OV��lHc;n l
)mb*)%liH�O�O HPO
.!)�,/OkR<,/,/' HPO�� KB,À.!)*Tt.-H 0�%

• açU)�!Q u!0*.¡K�RJ)*)*O*O�, +LHPT/g 0kKBO3R�HPT/TI0�,jO HPO^0oMNK�RLR-0kKhO
g 0*'$M�KBT/Tt, RJ,/gkgÄ0�O&�!Q*'!Q�O
#�% .<0�, �!0*gi, RL+10
2&% .<Q-U"+1Q��*,/T/TIQ '�,t, ��, RJ.¡HPT U"Q
+1Q"RLR-Q_M^Q!d MNHoRL+�U*.JR1HoRLR-Q5%
/ ,/, RÄu!0*.¡K�RJ)*)*O�O�, +LHPT/g 0 A KhO 0�,LM�KPRL+-,¶u!0sd£HPgku�,
.!)�,/O B MNK�R
#�%�MNKh.¡K A R<, R¡Q*T +1QsQ&�PQ�' HPg3g Q*OV.<0�, �!0*gi, RL+10

.!)�,/O B
2&% +10�,¶O"HiR<, R¡Q*T +1Q!�!Q�+ U*'�+1Q u!0*T MNKhO�.<0�, �P0�gk, RL+1010

gk)�+S+10 A R<, R¡Q*T +1QsQ
�!Q*' HPgkg Q*OV.<Q-U"+1Q��*,/T/TIQ
'�,t, ��, RJ.¡H�T U"Q .!)�,jO B %
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• ' 0*T/TÅ,jO*O HJ+10!0�O�u!0 KBO3RJ)*)*O�O�, +S+LHPT/)�T U5'oU*,/gku!Q*O!Q
uPKhT/.!)�O!0
�sHPd�.¡K�R�R¡0

G
]

P V (G) =
�!0*O*.s,/TW0*O us0�,j.<0�+ R�HP.<Q�Tt, R-Q�u!0�,j.s.J0

tHPTt,
�i�!0*us0*)$M�HoRLR-0]�¡%
P p

w−→ q ∈ E(G)
MNK�RcM^0
�!0�,/O MSKPRÄu!0�,/.!.<0

q
KhO

u!0�,/.<0*O
p
O!0!0�u*)*d�,ju!0�,/.!.<0�%

/ Kh.<0�, R1HPO�d£HP)*Os0*u!0�,/.J0�O
p
O!0!0*u�)*d�,/O!03KBO

g�Uoe�R TÅ, R¡Q*u!0�,/.!.<0
t
%

P � 0!0sd£HPO�uP, +<)*)$MPH�O
w ≥ 0

g Q!Qsd¦Q!Q
.¡Kh'$M�HPu!0P,j.!.<0

q
]

A"C!?P:-C
	*C�� �ÅC
w = 1

$ "�" �²; � �t8
w = (2 ·m + 1)2

H�TÅ,1�!0*O*.s,/TW0*O
.¡Kh.¡K u�,/O�+10�Q^0*TW0
∗ T U*'�U�,/O�uPKhTt.!)3KhO�.-HP'!Qo+LehO�\L.-KPRo.<0
u�, +<)*)$M�HJ+

w ≥ 0
m

∗ R<,/, R U5.<RJ,/.s,jO .J0P, �!0*)�+<)*gi,/O HPOkKhO
'*) KBO Khgku�,À.!)�,/O�u�, R<,jO*.<Q!Q�O�'P,/, ��, Ro.¡HPT U

∗ R<,/, R R-0*g 0!0 .<0�, � Ho+S+<)s0 0*)�.!.¡K�03H!,À.!)*T MNHo+10
.<0*'$M�HoR^+-,

��E " D�8�� �t8
w = 0

.!)*O
q = t

%
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• \S/ Kh.s,/O!mGg 0*'$M�KBT/Tt, RJ,/gkgÄ0�OV'�U!�!Q
u!0*.¡K�RJ)*)*O�O�, +LHPT/g 0 T e"U�+�U�U3R<,/, R
P 0NM^0*g 0*TtTW0��b, M1.JR^+<d¦0*O 0*TIrPK�d�, +<gi,W0

\L.<0*T � KB,/T +103$&%�#*%�# m
P � HPd�.¡K�RLR-0

G

P 0*Tt.!)"R�KhT/gk)"R^+10
s = B[m][m]

TIQ*'�+-,IHPO
P .!)*O�O HoRÄ.<Q"RJ, +S+LHPT U!�*) K5d£K�KhOi+<)�T H�HÄR1KBT/gk)

t

P MNKhT/T KB,jO�u!0�.-KPRo)*)�O*O�, +LHPTtgÄ0kKBO�u�KBT/.!)
t←− π[t]←− π[π[t]]←− · · · ←− s

• � , R^+-,j.s.-K5d¦0*.¡HPO�+LH�H�O&�*) Kh.JR<,1� H�d�.!.¡K�0 G
H!,

+10sdY��, +^R1HVgk) KFM�K�R^+10!0kHPd�,/T/TÅ, R�H�OsQ
+-,IHJ+LK5d¦0*.¡H�Oo+LH"HPO!01]
P / KhTtg3)�O

B[i][j]
.<0!0sdfHJ+ ��,IH��!Q�+

R�KhT/gk)�,/'�,jO
B[i± 1][j]

ML0
B[i][j ± 1]

%
P I O$MPH�.<R1KB,/O*O�,/OkU*TÅ, +�U R +10!d�.¡KB, +S+10s0

Tt, R-Q�R1KhTtgk)!0
t
%

P � 0!0sd£HPO�uP, +<)*)"R .J0o+^R1KP+10s0*O .¡Kh'$M�HoR�KhT/gk)"R^+10�%
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• X , +<)�)*.JR<,Å0
� KB,À.<Q"R<, +LHPTtTWQiR�H�Tt.¡HsQ�g3gi,/O*.s,jO1]
P � Q<U�+LHJ+1Q!Q*O�.s,jOVT/)*.s)T51lZokd�j�l 〈a, b〉 gi, RLR¡Q
∗ a =

gk)*)*d�, Q

∗ b =
.<Q<U�+1Q!�!Q�Q

u!0�,/.!.¡K1MNHPO�T/)�.!)*g Q!Qsd³QVuPKhT/)*TtTW0�%
P � 0!0sd£HPO�uP, +<)*)"R

w
KhO
�P0�.s,IKhus0!d�,

A"C!?P:-C
	*C�� �ÅC
w = 〈0,1〉

$ "�" �²; � �t8
w = 〈1,0〉

��E " D�8�� �t8
w = 〈0,0〉 %

P 〈a, b〉 ≤ 〈c, d〉 .s)*O�u!0sd�, + K��!0�+
R¡0*O!0*.s,/dIM^0NM^Qsd MSHoR^+�U*.JR�HoR�R¡Q^]

a < c
� � �

a = c
8hD��

b ≤ d
�

� Q<U�+LHJ+1Q!Q*O +1Q�+1QkH�'o+LK�0�uPKhT/.s)NMNH�O
� HPdÍ+10�,/T/)*)�O�%

P X KhT/.!)²MSHPO .J0�R �!0�+<)*.<R1H�HPO�.<Q-U�+LHo+1QsQ*O
U*'�+LH�HPO*TW0"RJ.!)!0

〈a, b〉+ 〈c, d〉 = 〈a + c, b + d〉 .
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• F HP'�+1Q��PQsQ �t[ 0 X d£KBl*T HPg $&%/6&%t2��=� KB,Àg 0*TtTt,/O�+10!0
d�)*)$MB)*.¡KhTtTW03R�HP)*d¦0!0!�!0"R^+-,;]
P � Q<U�+LHJ+1Q!Q*O 4

Q1)*T K!+S+LHP, RL+10
d�)*)$MB)*.s.-K50

B[0 . . .9][0 . . .9][0 . . .9][0 . . .9]
%

/ ,/, R .s,IHP.!.¡K1MNHPO 0"R�HPg 0!0
p, q, r, s

�!0"R^+10!0
d�)*)�+<)

B[p][q][r][s]
%

P � )*)$M�)*T/TI0 B[p][q][r][s]
KhO

8
g 0*'$M�KhTtTt, RL+10

O!0!0�u*)*d�,Å0
B[p± 1][q][r][s]

B[p][q ± 1][r][s]

B[p][q][r ± 1][s]

B[p][q][r][s ± 1]�!0"R^+10�+LHPO .s,IHP.!.¡K1MNHPO u-Uoe5d³Q-U�+�U5.<RJ,WQ�g�UJeP+1Q�Q
M^0
�!0"R^+10*u!Q�, �!Q!Q*O�%

P � K�RJ.<0 MNKh.<0�,/O HPO�. ,IHP.!.¡K�KhO�u-Uoe5dfH QbM^0
10
Q1u!0�,/.!.<0�,jO"H�O10(O�,/,/Ok+1Q*g Q

,jOZM�HP.JRJ,W0sd�, +<gGHJ+-,t,j.!.<0 Ro) K5d�, +LHJ+10!0*O
(mod 10).<0*T � KB,/T +10SR&%ÅnX0¶HPTt,

−1 7→ 9

10 7→ 0.
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• � ,IHPT/T Ho+�U�+G.s, H�.s.-K�MSHPO 0"R�HPg 0�+ gGHPd�.s, +1QsQ*O
+10*)*Tt)*.!.¡K�KhO

B
%

R Q*g Q .s,IHPT/T HJ+�U�+ O!0!0*u�)*d�, + M^Q�+LHJ+1Q!Q�O uPKB, R�%

• / , +S+LHPOkKhOsr�HPT/g 0

P KhO�T e"U�+1Q!Q&�PQ�'!Q*.<0!0sd�, RJ,/O u�KBT/.!) 0*O*O"Ho+<)�RL+10
TWQ�'�+Le�R�KhT/gk)"R^+10 0*O*O HJ+S+<)*)�O�.¡Kh'ZM�HoR1KhTtgk)*)*O

P d¦0�+<.¡Hs0s0 .<0*T �sK�MSHPOk[¶%pR T H�� HJU RLRJ)*)*O�+10�, R1HPTtTW0
TWQ�u�,j.<Q-U*O*O�,jTtTWQ

+1Q"RLR-Q O!0!0*u�)*d�, � H�d�.¡K�RLR-0�%

\�F Q*g Q*O d¦0�+<.<0�, Ro)*O TW0!0o+-, R ,j.¡K � ,t,jd¦0*TW0�*) KFM�HPO 2*4*4Pn KhT U*g3uP,Å0!�!0*TtgGHPO*O�)"RoT H!,jd�,jT/TIQ�%jm
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• / K�RJ.!)"RÄu�HPTÅ,jTW0�)$M50*O�d�)*)$MB)�+ K��!0�+<.s,/O
+10"R¡0"R<, �*)�, R<,Å0 .¡KhT/gi,IK�, +10 O HPTt, eB,LMPH�OkR<, M^0"R^+10^0
.!)�+LHPOkR�H�)�d³0!0��P0�R�R¡0 .!)!�!0"RLR-05%
�t[ 0q.!)��P0�#�2¶%�#��

• R Q�,LM�HPO�d�)*)�+<)²MSHPO .!)*T/g 0*uP, R^+LH"HJ+5� KB,LM*0!0*O
HoRJ, +S+1Q!Q�.<0*'ZM�HPT/TW0 .¡KBK5d[M�,jO!0s0�+-,jTtTW0 .!)!�!0*O
gk)*.<0�, R�HoRL+-, ]
� D ! ;âD �²;9	5;âD " $ E&�^�

r
�!0"R^+10!0

y
Q¡.¡K�K5d M�,/O!0!0�+S+-,W0�%

� ;Å:1:¡EhD ! 8���8&A�EhD " $ E��^�
c
,/T/g KB, +S+10s0iR�HPO

x
Q¡.¡K�K�d[M�,/O!0!0�+-,/O^0�MNK�R�R¡0
�!0"RL+10s0!�!0 O KB)"R1H��!0
RJ) K5d³0�T H!,/.!.<0!0 d�, ��,jO

r = 0
%

• / ,jTtT KB,/O�.!)*T/g 0*uP, R^+LH"HPO 〈r, c〉 6 O!0!0�u*)*d�,Å03K%�P0o+

〈r, c± 1〉 , 〈r ± 1, c〉 M^0 〈r ± 1, c∓ 1〉 .
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• W R1H!,jO�.<Q"R<, +LHPT/TIQ!Q*O&�!0�,/O�OP,/, +1Q .!)*TtgÄ0�u�, R^+LH!, +1Q^0
MNKP+<.<03K��!0�+

P U*T e�R

P KB,/.-H 0*TtT H
K5d�,Ir�K�R^+10 〈0,0〉 %

• / ,jTtT KB,/O�d�, �*,
r ≥ 0

.-K�K�R^+<)*)3R¡0sd³0*.s.-H!, RL+10VO*)*g HPd£K

c = −
⌊
r

2

⌋

,−
⌊
r

2

⌋

+ 1,−
⌊
r

2

⌋

+ 2, . . .

• / ,/, +1QkR¡0!0$M50s0*O�.¡Khgku!0*.-+-,*+10*T/T HJ+<)"RfM^Qsd MSHoR^+�U"R
g 0�+<d�,/, R<,/,/O

M [0 . . . ,0 . . . ]
]

� Q"RJ, +LHPT +1Q!�!Q .!)*Ttg 0*u�, R^+LH 〈i, j〉 +10*TtT HJ+LHJ+10!0*Ou!0�,/.!.<0!0*O
M

[

i, j +

⌊
i

2

⌋]

.
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• Q RJ,/gGHPd�.s,j.<RJ,*R^+<d³0�+LH"r�,W0*uPH�T H!, RLR-Q TI0*)$M50*O�d�)*)$MB)o+
K��!0�+<.s,/O�.!)�)"RJ,/.!)*Ttgk, KB, +10�\ � '*)*O!0NM^0*.¡HPO*O K � m�0.!)�+LHPOkR�H�)�d³0!0��P0�R�R¡0 .!)!�!0"RLR-05%
�t[ 0q.!)��P0�#�2¶%t2��

• / K�RÄO!0!0*u�)*d�,/.!)*)"R<,j.s)*T/gi,IK�,LM�HPO�.¡HoRJ.s,ju�, RL+LH�HJ+
U*'$M�, RL+1Q!Q
��,/, �!0*T/TI0^0(OP,/,jOkR¡0!0kR-0�gÄ0�O
.¡KhT/gi, Kh.¡KBK5d[M�,jO!0s0�+-, R^+LKhO�.s)�,jOiU*T/TIQ�%

• � KhTtgi,IK%QçM^0�.!)*)"R<,j.!)�T/gi,IKh.¡K�K5d M�,/O!0!0�+-, RL+LK!+
K��!0�+<.s,/Oi+LKB, RL+LHPO"R¡0�f2)%l%lT,pc b 3
d�)*)$MB)*O�.¡HoRo.s,/u�, R^+LH�HJ+b+LK�, R�H�RLR¡0��!0"R^+10!0!�!0�+
.!)*Ttg 0*u�, R^+LH!, +1Q +LKB, R�HoR�R¡0�%
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��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñL�¦ô

� Ê �£Îf���²� Ê Ì Ì � ���£�¥¤ Ê îN�£�L���£¤f�/� Ê �¥¤ Ê �³Æ
� � � 	 � 
 �\��� 	�� � ��� � � 
 	

� � � � ��
 � ��	 � 
�	

��#m0qTt)*.!) VmV �¶[ 0(T/)*.!) #on��
< l!h��!d)tmt%l�,�,ec h(d�h h�l 
Fd!g1u
d$b6oicLl!h h(l \ U Khgku*)�+10�+-, KhO!0*T
] H�Khg HJ+<dÍU!m R^UoeP+S+LH�HPO!Q 0�O*O HJ+10!0*O_MSKB.s,jO

• U*T H�HPO"R¡Q
xy
Q�+10"R�KhO3HPTt, � ��)�, gsb bid)cptHd)t��T)^n(ceg

• 5sc h)bid)cpt�'3HPTt,¶.¡KBK5d[M�,jOs0!0�+S+-,jus0!dfH!,jO!0 〈x, y〉

• O!Q�,NM�HPO�u�, RL+LH!,LMPH�O 0!�*)*TtTW0 g Q!Qsd�, +LHPT +�U�,jO!Q
d¦0*.¡H�Oo+LHP,/O!0^]
P � HP.<+LK5d£H!,jOs0
P M^0*O KB,/O!0
P RJ) K5d�,/O!0
P g KhO�,/.!)*T/gi, KB,jO!0
P %�%�%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñL�³ó
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• F HP'�+1Q��PQ�O!Q3KhOi+�U�U5uP,jT/TÅ, R�HoRL+-,
: " D&D�; ! :<8�8 MNKh.s,/O�.s)!��,IKhO3Khgi,jOs0�, RJ)*)"R

.!)�+LHPO(�1T HP,/.!.<0!0!�!0�+<.¡K9.!)!��,IK�RLR¡0 KBT H��!0�+qML0�O!0�+
+LKB, RJ,W0!0*O]� ��#m0qT/)�.!) VmV %t2��

� � ;j; ��:-C�C � .s)!��,IK�KhO�Tt, R¡Q!QÄ+<)*T K�R^+10*g 0*TtTW0VO H
u�, RL+LH�HJ+�0�MNKP+<.<0�u�, +1Q!QiU*'$M�, RL+1QsQ
��,/, �sK�,jT/TI0
.!)�+LHPO(��U*gku-U5dfeB,¶.!)!��,IKBO�uP, R^+LH"HJ+ �
.<0*T � KB,/T +10�#�2&%/2&%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñL��ý

 o� �¥¤Í� ¤fá²Ì � �³Æ�� �
30< 4i3 � @CEHG^@;G�L 8 M

• � 0*'$M�HPO�u!0�,/.!.<0!� H�.-+LK�d�,jO okc h!b6c b*)T,eg \6K!d£KPR�R
usd£KFMB)$K<+1m
��#H0 Tt)*.!) VmV %�#��

〈x1, y1〉 × 〈x2, y2〉 = det

(

x1 x2
y1 y2

)

= x1 · y2 − x2 · y1d¦0�+<.<0�, R�H�HVg KhO HJ+Gu�)*T/g 0�+
5 dZoS)!h�, l!h��T)1bigmcpu�c b*)��(h�c9,�, l�%

• � )*O p1 × p2
KBO

� � ! ;t:<;j;9	5;âD5EhD OP,/,jO u�, R^+LH
p1

OsQ*.<U�U�.<Q!Q�O�+1Q*g Q*T/TIQ
u!Q!Qo+1Q g1c���d�l�,�, d .Xu�q�8sb^'65
'Hc;n�'�'Ht

D5E��h8*:<;­;:	5;âD�EBD O�,/,/O n l!h(dZu�u&l�,9,ed . n l!h!bkl652'Hc n7'6'Ht
D2�%� �Å8 O�,t,jOkRo)"K�d¦0!0*O dZf�d�h h7'�bklHcXbkl���lHt�liHPTt,

R¡0*g 0*T/TI0iRJ) K5d³0�T/TW0
.!)*O3K5d�,Wr�K�R^+10�.<0�+^R�KP+10!0*O .¡Kh'o+-,Àu�, R^+LHJ+S+1Q

p2

��#m0¥.!)��P0 VmV %�#�\Ll!m �

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñL�!�

 o� �¥¤Í� ¤fá²Ì � �³Æ�� �

��� ��������������� � ���������  !�#"���$ %�������&� '%��#����()� ����$ � � + *��

 o� �¥¤Í� ¤fá²Ì � �³Æ�� �

• 2 O*.¡K Ro)�)*O*O!0�+S+<) ML0�O!0 −−→p0p1
g UJeP+1Q�Q �P0P,

�!0"R^+10*u!Q�, �PQsQ*OiRo)�)*O*O!0�+<)�RL+10 M^0*O!0"R^+10 −−→p0p2
.!)*O

.<0�+^R�KP+10!0*O3OP,/,LMPH�O U*'�+LH!, R�HoRL+1QÄ0�T/.!)*uP, R^+LH"HoR^+1Q
p0

�
/ ,/,/d�dfHJ+1Q!Q*O 0*Tt.!)*u�, RL+LHiK5d�,Wr�K�KhO��
Q Tt,ÀTW0�Ro.¡HJ+10!0*O

(p1 − p0)× (p2 − p0)
%

• � Q!Q*O�+�U!�PQo+<.-e uPHPd³Q�.!.<Q�, R�HJ+ M^0*Os0�+
p0p1

M^0
p1p2KB,/.-H 0*TtT H\�!0�,1�!0"R�HPg3g 0*TtT H3O�,/,NM�HPOkU*'�+LH!, R�H�RLR¡Q

u�, RL+LH�HoR�R¡Q
p1

�

� 0�+<.<0�, RL+10!0�OkKhO*.¡K Ro)*)�O*O!0�+S+<)bM^0*Os0 −−→p0p2g�UoeP+1Q�Q �!0�,1�!0"R^+10*u!Q�, �PQsQ*OiRJ)*)*O�O!0�+<)"R^+10
M^0*O!0"R^+10 −−→p0p1

��#m0q.!)��P0 VmV %t2��

• � )*T/.¡H�HP.-K \�R^+<d³0ZMmMBT HoR¡m M^0*Os0
p1p2

U*TÅ,�R1HPO
RJ) K5d³0*O

s
MSKBT/TW0kKhObM^0*O!0

p3p4
�

Q Tt,�K��!0�+<.¡K
p1

M^0
p2

Ro) K5d¦0*O
s
HPd�,Àu*)"KhTt,/T/TW0 �

\�F@0P,Àd³0NM^0�+10�u!0*)*.JR�HPO!0 +LKB,jO HPO�O�,t, R^+1Q3RJ) K5d¦0*T/TI0�%jm
� U5TtTWQkK��!0�+ MNK�R Ro)*)�O*O!0�+<)�+ M^0*O!0�+ −−→p3p1

ML0 −−→p3p2K��!0�+ HPd�,¶u*) KhTÅ,jTtTW0kRo)�)*O*O!0�+S+<)s0bM^0*Os0!0 −−→p3p4

��#m0q.!)��P0o+ VmV % V \N0!mqM^0�\Ll!m �²%
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñL��ï
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��� ��������������� � ���������  !�#"���$ %�������&� '%��#����()� ����$ � � + � *

 o� �¥¤Í� ¤fá²Ì � �³Æ�� �

• Y H!,j.!.<0!0!�!0�+<.¡K M^0*O!0o+
p1p2

M^0
p3p4

�

� U5TtTWQ_MSKPR 0�,jOs0*.s,jOÄ+LKB,jO"H�OkR�HP)*d³0s0!��, R^+10�u!Q�+LH�Hm]
P � )*gku�,j.s,/O T H!,j.s.J0s0Ä+LKB, R�HPO"R-0kRJ) K5d³0�O�%
P F K�, R�H�O�u!QsQ�+LHPu�, R^+LHiKBOk+LKB, R�HPOkRJ, R-Q*TtTWQ

\Ld¦0NM^0�+10*u!0*)�.JR1HPO!0smJ%
��#m0q.!)��P0o+ VmV % V \6K"mqML0�\6M5m �
_ T r�K5d�, +<gk, R�R¡0 �|#m0&RJ, �5) $ V [��_'!0!0sd¦0*)$MB)o+10!0*O3HPd�,
+10*u!0�)*.JR<,/,jO5%

• Y , R¡Q*.JR<, |p1 × p2|
0*O�+10!0ÄR1HPOkRJ)*)*O*O�,/.!.<0!0*O 0*TW0*O10

MNKhO*.<0�.<Q!d�.s,/u�, R^+LH�Ho+ K��!0�+ K�d�,WrPK 0
p1
0
p2M^0

p1 + p2

��#m0q.!)��P0 VmV %�#�\N0!m �

• / ,jTtT KB,/O�.-KBT/g HPO�u�, RL+LH�HPO
�PQ�Tt, R^+LHPO M^0*O K�MSHPO
gk) KFM�K�R^+10*g 0*O .¡KhT/gi,IKBO 0*TI0kR¡0!0$M50!0�O
P R<,/,jd�+1Q*g Q*TtTWQ U*.JR<,ÀuP, R^+LHP, RL+1QkK5d�,Ir�KBKBO
P TW0�Ro.¡HPg 0*T/TI0V.<0*'$M�HPO�gk)*)*O�u�, R^+LH�HPO

RJ)*)*O*O�,/.!.<0!0*O 0*TW0
P u*) KBTt, +S+10�gÄ0�T/TW0G+<)*T K�R�%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñ²Æ²Æ
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30< 4 < �VL > ?AI B > ? @;G�?

��#m0qTt)*.!) VmV % V �À6 0qT/)�.!) V % V �

• F@0�R1KhO�u�, R^+LH�MSKB)*.¡KhO
Q
�T)65 dZo�l 5 d)c bid�\ U KhO!� H��

a )*T/TIm KhO u�,IHPO�,/OkR�HPT/TW0P,jO HPO�g KhOP,j.!)*Ttgi,IK
CH(Q)

0
MNKh.<0i+1Q<U�+S+1Q!QÄR�H�)�d³0!0��P0�O3HP'$M�KhO1]

2 +10*gkg HPu!0 gk, +<.<QÄ+10*'!0*O"R¡0 .<0*.JR<,
u�, RL+LHJ+S+1Q

p1, p2 ∈ Q
0(O�,/,/O�O�,t,LM�HPO
�!Q*Tt,/O HPO

M^0*O!0
p1p2

H!,h0�RL+<)�)*T K�R
g KhO�,/.!)*T/gi, K�RL+10

CH(Q)
%

• / ,/, R\lHc bkl%lHu�u
d MNKh)*.¡KhO Q
g 0*'$MPKhT/TÅ, R<,jgkg 0*O

+-,j)�.J0�RL+-,��/6 0q.!)!�!0 V %pR%�N%

• / ,jTtT KB,/Oi+1Q*g Q 0�, +10kKhO�)*T/.¡Khu*)"KhT HPT +10 .<0�+^R1K�HPO
.!)*uPHPd³05%

• 2 Osr�HPTtgÄ0�O!0kKhOk+<)*O�O�, R^+10!0 MNKh)�.-KPRL+10
Q

+1Q*g Q*O
0�,NM50*O��T)�,eu
l;5sc h!bid!d%b \L. ,IHPdÍ+LK�MLQsd MNH�R^+�U5.<R1HoRLR-Q
g�UoeP+1Q�Q +10�,m�!0"RL+10�u!Q�, �!Q!Q�O!mJ%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñ²Æ²ñ
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• F Q*'sQ*O3KhOsr�HPT/g 0!0�O3KhO�o�l%l���l%lHt
�*, l�hZ��d)t^bkl �%n�g1ceu
l$lHt�\,J d�)�+LH -�K5d[KoHsm uPH�d�)"R^+<)!�!0
0*T r�K5d�, +<gk,��/6 0(T/)*.s) V % V �BMNKh.<0�uPHPd�)�RL+<)*)
R�H�)�d³0!0��P0s0*O3KB, �!0*T/Tt)*.JR�H"HPO^]

2 T/.¡K�KP+
p1, p2 ∈ Q

% R ,/,LMPH�O
�!Q*TÅ,jO HPOM^0*O!0
p1p2

.!)*)�T/)*)�g KhO�,/.!)*T/gi, KhO
CH(Q)dfH�)�O!0!0*OÄ+1Q"Rog Q*TtT H�HPOiR<,jTtT KB,/O�.!)*O�.<0�,/.!.s,

gk)*)�+qMNKh.¡KhO
Q

u�, R^+LH�HJ+ K��!0�+qML0�O!0*O
R¡0*g 0*T/TI0 u*)"KhT HPT/TI0�\�+10�,Àd¦0NM^0�+10*us0*)*.JR�HoR�R¡0
M^0*O!0*O .<0*)�+S+10 .!)*Tt.¡H��!0*TtTW0iRJ) K5d³0�T/TW0smJ%

F Q*g Q*. ,jOkHP'�+LK � KB,LM50s0*Oi+LHoR^+10�+10 .<0*T � K1MNHPO #�2&%Í#
g HPO HJ+LH�Ttgi,jT/TIQ�%

• / 0!0$M*0!0*O
O(|Q|3) 0"Ro.¡HPT H�HoRLR-0

+LKB,/gk, �!0 0*TIr�K5d�, +<gi,;]
� Q<U�TWQ*uP,À.<0�,/.!.s,¶u�, R^+LHPu!0sd�, +

p, p′ ∈ Q
M^0i+LHoR^+10!0

MNKh.<0�, R�HPT/T HV.J0P,j.!.s,&g3)�)�+Gu�, RL+LH�HJ+
p′′ ∈ Q

%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñ²Æ²ó
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• F HP' KB.!.<0!0*gku�,Å0 g HPO HJ+LHPT/gi,ÅQÄK��!0�+ HoRJ,/g H�d�.s,/.JRJ,
�*8�� 	5; ! ;¥D $�8�� !�! ; \S/!0sd��*, R � g 0!d[K!'!m HPTt,

��.JQsQ!dfHPu!0*uPHPd�,/gGHPO HJ+LHPT/g Q]� ��#m0qTt)*.!) VmV % V �MNKh.<0
��,IH
O(|Q| · |CH(Q)|) 0�Ro.¡HPT +10

� ;¥A"8 � E�;Å:¡E \�
B)�,NK!.!'*)*TtTWm
�/6 0(T/)*.s)3n¶%j6$�
� ��8���8�$�;¥D � ?P?��&A"CB; ! ? \^] d³0*'s0*g � R R K"0*Osm
��#H0

T/)�.!) VmV % V �hMNKP+<.<0
��, H��!Q�+
O(|Q| · log2(|Q|))

0�Ro.¡HPT +10�% \1#o2�m

• Q RJ, +LH�TtTWQ!Q�O ]_d¦0*'!0*gi,/O u-U�U*'*.<Q�, R^Uk+10sd�.-HPgkgi,jO�%

#*% Q +^RJ, +1Q!Q*OkR�HPT/TI0�,jO HPO 0*T/.!)�u�, R^+LH
p0 ∈ Q

0"MNKh.<03KBO
�!0sd�g 0"R^+-,*U*.JR<,À.<U"R^U�+�U*O�g KhOP,j.!)*Ttgi,IKhO

CH(Q).!)*Ttg 0*u�, R^+LH!, R^+1Q�%

• ' )*)�+Gu�, RL+LH�HJ+ K��!0�+b+1Q"R^+1Q 0*T/.s)*u�, R^+LH�HoRL+1Q
p0.<0�+^R�KBHPOkR¡0*g 0*TtTW0Vu*) KhTÅ, +10"R�KhT/TI0^0¶HPTÅ,

O!Q*'o+1Q!��, RLR-QÄU*'$M�HPTtTWQkRJ,/T/g Q-U*.JR1HPTtTWQ�%

• � ,/, +S+1Q!Q p0 =
0�Tt,jgkgi, R^+10Vu�, RL+LH!, RL+1Q

�!0"R�H�gkg 0*O*u�) KhT H!, RJ,/O�%
��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñ²ÆNý
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2¶% 	 'Zo j(d h!bid%b^'6'Ht�gk)*)o+ RLUJeP+LHPu�, R^+LH�HJ+ RJ, +LHPO^0q.!)P,jO

O HVO!Q*.<U!�!Q�+ KB,/.¡Hs0�T +10&�!0"R�H�gkg 0*TtT H
0*Tt.!)*u�, RL+LH�HoRL+1Q

p0
.J0o+^R1KP+S+10"H�RLR¡0�%

• Q Tt, CH(Q)
.s,IHPd�d£HJ+1Q!Q*O\�!0"R^+10*u!Q�, �PQsQ*O�%

• � Q<U�+LHJ+1Q!Q*O\� HPdÍ+10�,/T/) KBu�HPd¦0!0�+-,IKPR�R¡0.<0*T � K1MNHPO #o2¶%�# '!0!�!0�,/O�+LK1M^0�%

• _ ,/.J0��P0s0�+-,jgk)"RG\1#�2�m �sK�,LM50!0�OkR¡0!0!�*)�+S+10!0
O KhuPH 0*T/TI0 M^QsdIMNHoR^+1Q*gi, R¡0*TIr�K5d�, +<gi,jTtTW0�%
\ / ) K�R<, +<)�R)]q.<0*T � K1MNHPO V %/2u�,/.J0²MLQsd MNH�R^+1Q*gi,jO"H�O5%­m

V %0/ K�R 0*T/.s)*u�, R^+LH�HoRL+1Q
p0

.<0�+^R�KP+S+10 HoRLR-0iR¡0*g 0*TtT H
RJ) K5d³0*TtT HÄR-0�+S+<)�)�g KhOo+10kH�d�,Àu�, RL+LHJ+S+1Q^0çO�,/,/O

• R¡Q�,jT U"+LHJ+1Q!Q�O O�,t, R^+1Q
�P0P,jO���l
)T��l�c h�cptbM^0
)*O KB'$M�HJ+10!0*O�gk)*)�+

• .¡K�RJ.J0 O HkH!, �PQo+ � KB,�KhT/TI0
g KhO�,/.!)*T/gi, KhO

CH(Q)
.!)�T/g 0*u�, RL+LH!, +1Q5%

F Q*g QkKhO�' HPT/u*uPK�0�O�U�+G.!)*O�u�, RL+LH�HJ+ KhO
M^QsdIMNHoRL+LHJ+S+�U 0�Ro.¡HPT H�HoR�R¡032&%

��� �f¤|��¤|��Î���� � Î Ê �ÀÎ�� � Ê ¢ Ê Ì �����²�²á��£� Ê ¤|���/� Ê�Ê Ì � Ê ñ²Æ	�



É á²Ð���� Ê Ð���� ¤|� �³Æ�� Æ
nÀ% 2 T/.¡K�KP+ MLQ�T MNHPT/TWQiKhT H��!0�+ u�, R^+LH�Ho+qMLQsd MNH�R^+�U5.<R1HoRLR-Q

p1, p2, p3, . . . , pm ∈ Q.

� Q<U$M5QsQ*O�O H TIQ*u�,*+1Q"R�R¡Q M^Qsd MSHoR^+�U*.JR�HoR�R¡Q�%
��#m0q.!)��P0 VmV %9[��N%

• � Q<U�+LHJ+1Q!Q*O +�Uoe�5scetHgh0�.J0�T � KB,jT +10k2¶%�#
.¡HP'�, +S+�U!�PQ�O

CH(Q)
+10�T/T HPO�+10�gk, R1H�HPO�%

• FcUJehu�,/O K 0*T/)"R^+LHJ+10!0*O u�, R^+LH!,jT/TIQ
\N0!m

p0
uPKh'NM^0*TtT H

\Ll!m
p1

.¡HoRo.¡HPT/T H
\6K"m

p2
u!QsQ*T/TÅ,jgkg Q�, R�HP.JRJ,­%

\S/ K�R
m < 2

OP,/,jO
CH(Q)

KhO3RJ)*d�.<0"RL+<)�O*)�+
M^0*O!0*.<RJ,

p0p1
+10�,¶u�, R^+LH�H�.<RJ,

p0
%jm

R&% / HP)*d¦0!0!�!0�u�, RL+LH
pi
� KB,LM50s0*O
�*, H)M5Q�u�,/O K�KhO

�!0"R^+10�.!)*O�u!Qo+LH"HiHP'�+LK ]

• M^0*O K1MNHPO p′′p′
ML0

p′pi
uP, +1Q!Q .<Q!Q*Oo+�U�Q 0�,NM�K�R^+-,

�!0"R�H�gkg 0*TtT H*%

• gi, RLR-Q
p′

KhOk+�UoehuP,jO KhOiU5TÅ,jO_ML0
p′′

+LKB, R1HP.JR<,
U*Tt,/O�u�, RL+LH*%
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• Q '$M�KhOUR +<)�+<. ,jgi, R�H�H�O .<Q-U�+LHJ+1Q!Q*O
.<0*T � K1MNHPO #�2¶%�# '!0��P0P,jO�+LK1M^0�%

• FcUJehu�,/O KhO�u!Q!Q*T +1Q u�KB, RL+LHJ+10!0�O�u�, RL+LH!, +1Q .s)*O*O HoR
HP'�+LK�R R¡0!0$M50!0�O u!Q�+LHPg Q!Q*O�%

• FcUJehu�,/O K�H!,1� KB,5+<)*T/TI0�TÅ,/,Å0�Oi+�U5'²MLQ�.JRJ, 0q.¡K�RJ.<0
.¡KhO"R^+<d�)�.<+-,IKhO�O K�ML0�T/TW0

p0p1
KhO

g KhO�,/.!)*T/gi, KhO
CH(Q)

U5.<RJ,ÀdfHP)*O!0�%

• � )*O�u�, RL+LHJ+S+1Q
pi

0�T HJ+10!0*O .JQ�RJ, +LH�TtTWQ^0�+�Uoehu�,/O K
R<, R¡Q*T +1Q!QÄ+1Q"RJgÄQ�T/T H�HPO
g KhO�,/.!)*T/gi, KhO

CH({p0, p1, p2, . . . , pi−1})u�, RL+LH�HJ+o%

• R Q�,jO3KhTtT HPO
P .!)*O
��,/,/g HP,/O HPO u�, R^+LH

pm
KBO�Tt, R-Q�+S+�U

+�Uoehu�,/O K�KhO
P O�,t,jOi+�UJehu�,/O K�KhOi+1Q"RJg Q*T/T H"HPO\�!0"RL+10�)*.JR�H�.<RJ,

'!0*Tt)�+S+<) 0P, +10
CH(Q)

P �!0"R^+10*u!Q�, �PQsQ*O . ,IHPd�dfHJ+S+�U*O!Q
P HPTt,¶g�UoeP+1Q*uP, �!Q!Q*O Tt) HJ+S+10!��, RLR-0�%
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• _ O*O"Ho+S+<)�\^, +^R1H Q!Q*O�T HP,/.!.<0!0*g 0�+LKhOsm +10"R1KBO
g KhO�,/.!)*T/gi, K

P
+1Q<U�+�U�U�)"R�H!,jOV��g2,eu�ceg1cef�l23

P � HJ+1Q!Q )*)"R<,Å0
��,/, �sK�ML0 g KhO�,j.s)*T/gi,IKBO
P.<Qsd�.s,/u�, R^+LH!,LM�HPO&�PQ�Tt,jTtT H

P R<, +LHPO3HJ+S+1Q�g KhOP,j.!)*Ttgi,IKhO
P

RJ, R-QsQ*O MLQsQ!�!Q
0*Tt) H M^0*.<0*)�+<)*) .-KBT/gi,IKB,/.JR<,

P ,jTtg 0*O )*)"R<,IHPO�.<Q!d�.s,/u�, R^+LH!,LM�HPOkR^U*O�+�U5gi, RL+1Q
0*Tt) H�H�OiRJ, R-Q�T/T H*%

• Q RJ,/gGHPd�.s,j.<RJ,¡MNK�R +1Q-U�+�U�U�TI0"Ro.¡H 0�g KhOP,j.!)*Ttgi,IKhO
Pu�,/O�+10�Q^0*TW0�%

• aqH�Ttu*uPK�0^0"MNK�R
P

KhO�.!)�u�HPd¦0�.<0*T � K1MNHPO #o2¶%t2
gi,IHPT HoRLR-Q1]
X ,/,/d�dfHJ+1Q!Q*OÄU*'$M�HoR^+1Q�.JQsd MNH�R^+1Q&��,j)*'�.J0�gk)�,/'�,jO�%

• a 0*'*g KP+LHPT/TI0!0*OÄU*T H!, R�H�HPOk+10�u!0*)*.JR�H�HPO
U*.JR<,jO*.¡HPdÍ+10P,jO HPO 4 lHt �=g�
 r*,/OV0*TIrPK�d�, +<gi,­%
�t[ 0qTt)*.!) #onÀ%ÅnÀ%�#��
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• R Khu�H 0*gku�,W0*.s,/O 0*T r�K5d�, +<gGH�M^0 +<)*O*O HJ+10!0*O5%

• / K���, +10s0*O�g KhO�,/.!)*Ttgk, KhO
P

dfHP)*O!0*O
�T)�,9�T)!hZ)
)Htmt%l���h�c �!0"R^+10*u!Q�, �PQsQ*O�%
\ ' UoeP+1Q*usQ�, �!Q!Q*O�.s,jO&�sK�,5+LKh.s,¶.!)*T/.¡H 0�%jm

• / ,jTtT KB,/O MSKB.J0P, R�H�TtTW0 .JQsd�.s,juP, R^+LH"HPTtTWQ
v
KhO

.!)*Tt.!)"RJ)*)*O*Os0"R�R¡0
P edellinen[v]

P seuraava[v]

.<Qsd�.s,/u�, R^+LH*%

• ' KhO�,j.s)*T/gi,IKBO
P

.<Qsd�. ,ju�, RL+LH
v
KhO

��g%o n lHtmtHc-5&)��6��lH0"MNK�RÄ.¡KhTtgk, K
korva[v] = 〈edellinen[v], v, seuraava[v]〉KhO�.¡Kh.¡KhOs0!0*O�g KhO�,j.s)*T/gi,IKBO

P
R<, R¡Q*T/TIQ�%

• -B0*.<+10^] / KPR
P

KhO�g KhOP,jgk)�+<.<0�, R�HPgku�,&.!)P,jO
.¡KhT/gi, K 0qO�,t,jOkR<,jT/TIQ3KhO�.-K5d��!0*O*O�,/u*)*.!.<0�%
\S/ Khu!0
�PQ�'�,jO�+1QsQ*O�.<0*.JR<,â%jm
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• � K5d��P0�O*O�,ju�)*.!.<0 v
� KB,LM*0!0*O�, d)c���l1bkl 5 g1c h

g KhO�,/.!)*T/gi, K�RL+10
P

� �À; ! :-8�$�8 � �Å8
v
ML0iRJ,t,j' HPO�TÅ,/, +S+�U!�!Q�+ dfHP)*O!0!��,t, �!0�+

edellinen[v] v
M^0

v seuraava[v]
\1# V m

�t; ! C�C�$�C�� �tC OP,/,LMPH�Oi+-,/TW0*TtT H )*)"R<,ÿdfH�)�O!0!��,/, �P0
edellinen[v] seuraava[v]

; � $��À;t:1:-8�$�8�� �t8
korva[v]

.¡KhTtgk, KB,jO�O�,jOÄU5'ZM�HP.JRJ,
.¡KhT/gi, Kh.JR<,â%

u
��� g KhO�,/.!)*Ttgk, KhO

P
MSKB.s,jO�.<Qsd�.s,/u�, R^+LH �� ��; �WE

P
KBO g KhO�,/gk)�+<.<0�, R�HPg3uP,�.!)�,/OV.¡KhT/gi, K �&�

��E � E585:
v

���
u �

u
���

seuraava[v]" D*:<; �
v
KhO�.-K5d��!0*O*O�,/u*)*.!.<0 �Y H!,j.!.<0!0
v
u�K�, R

EhD�� � �B; �WE �F_)*T K�R^+10�.¡KhT/gi, K
P �
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• � K5d��P0�O*O�,ju�)*.<0*Ok+<)*O*OP, R^+10*gi,jO HPO^]
P X H�d¦Q*.!.<Q�, RL+LHPO M^0*O K1MNHPO�\1# V mGu�, +1Q!Q3KhTtTW0

.s, H�d�+�U5g Q�+S+1QÄKB,/.¡Hs0�T/T H*%
Q Tt,¶.JQsd�.s,juP, R^+LH

v
HP,5R¡0!0 ��u!0�,/O*)!0kRJ, R-QsQ*O*u!Q�,/O]�

g KhO�,/.!)*T/gi, KhO
P

dfHP)*O!0*TtTW0�%

P ' KhO�,j.s)*T/gi,IKBO�gk)�,LMPH�O u�, R^+LH!,LM�HPO
w

u�, +1Q!Q
u-U"RLU�+LHPT/TIQ 0�,NM�K�R^+-,À.¡KhTtgk, KhO

korva[v])*Tt.-KBu*) KhT H�TtTW0�%
Q Tt,¶gk,/.<Q!Q*OVu�, R^+LH

w
H!,�R-0!0kKhT/TI0iU5'o+1Q 0�,/.J0s0

.<0�,j.s.s,IHPO&��,/, �sK�MSHPO�\1# V m M^0
seuraava[v] edellinen[v]

�!0"R�H�gkg 0*TtTW0 u*) KhT HPT/TW0�\�H!,j.<Q&�*,t, � KB,/T/TW0smJ%
P � 0�,j.!. ,¶O!Q*g QÄ+LHoRL+-, +5�sK�,LM50!0�Ok+LHP'$M*Q

.<0*T � K1MNHPO #o2¶%�# .¡HP,/O KB,/O�%
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• � q!qsr
��'Hc h6qcT/TIQ�\�R �@H"HPu!m&��#m0qTt)*.!) VmV %t2��=� KB,.¡HP'�, +S+1Q!Q3r�H�Khg HJ+<d�, RJ,W0 0*T r�K5d�, +<g H²M^0

• I M�H 0*Os0 KBO hZ)�g%o�l j(g2��l 5�q!qFr��Z'�c h(d)d�q�,ec �T)^n(ceg1t
��#m0q.!)��P0 VmV %pR%�N%

• X U�U*'*.<Q�, R^U*OV0P,j.<0*O!0 u�,NM�HJ+1Q!Q*OÄU5TtTWQÄ+-,IHJ+LK�0
� ?P?��&A"C�; ! ?T	5;j;:	*8&D :<; �Å8 ! :<8 \�R �@H�HPu�Q1Tt,jO"HiR^+10�+<)"R¡m

/ HiK�R¡0�.!)!��,IK�R^+10^0�MNKhO*.<0�TWQ�u�,Àu-U�U*'*.<Q�, R�H��!Q
RJ) K5d³0i+1Q*TtTWQ ' HJ+<.¡HPT/TWQ .!)*Tt.-H�H*%

:-8 � 8��*: " $ ;tEBD�8�;|A"8*:-8 " � "2! :<8 \�H��sHPO�+ Q1uPKB,jO�+
R,KP'"HZM�)*T H m
/ H M^QsdIMNHoRL+�U"R)0�MNK�RLR¡0�u-U�U*'*.<Q�, R^U!��,/, �!0 .-KB'�+10!0
R�H�TtTW0�, R1HJ+ .!)!��, KhO�u�, R^+LH�Ho+�0�MNKB, RLR-0i+10*us0*'�+<)*)
MNKP+10*.s,/O(�1gi, H�T HPO*.s,/,/O�+LKB, RL+10]�¡%

• ' H�O"Ho+LHPTtgÄQkHJ+LHPO H�H 8�;|A"8*:-8 " � " O�gk)*.<0!0*O_M^0
u!Q�, ��, +S+1Q!Q :<; �t8 0 MNKh.<0i+10*u!0�'�+<)*g 0*O .¡Kh'$M50�T/TW05%

• V Q1)*T K!+S+LHP, RJ, R�R¡03KhOsr�HPTtgk, R�R¡0�.<Q-U�+LHJ+1Q!Q*O
u-U�U5'�.JQP, R^UFbkl�h�gB0�%
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� � ��� ��� � ! ; $�E&�^A�AP; � � E2�&�qA"8 " A"8��:�

• _ O*O"Ho+10s0*O M ×N × 1
U*.JR<,j.¡ehO�.¡Kh.¡KB,/O HPO

uPKh'NM^0*T H���Uo%

• Y H��"U*O MNKh.<0�, R�H�HPO�d�)*)�+<)*)*O
1 ≤ i ≤M,1 ≤ j ≤ N

KhO�u�,jO K!+S+<)k+LK5d�O�,j.<RJ,
korkeus[i][j]

.J0�u*u!0*T Ho+S+10
1× 1× 1

U*.JR<,j.¡ehO
.¡Kh.¡KB, R<,Å0�.!)�)�+-,IKB, +10�%
/ ,/, RÄ.¡KBK!+10!0*O Y H"r�K%Q1u!0*TÅ,j.¡KB, RL+10(�1TÅ,jO*O!0Z�
0*Tt)"RL+10�T/T H*%

• � )*)�+-,IK�,LM�HPO��!Q*TÅ, R�Ho+bR-0*)�gÄ0o+ K��!0�+ � HoR<, +-,/, ��,/, +1Q5%

• � )*O�d¦0*.¡H�O�O HPT/g 0
#�% )*uPKP+LHJ+10!0*O .¡Kh.¡KhO!0s0*O
�sHJ+LH�HPO�uPKh'NM^0*T H���U

H)M�HPT/TIQ
2&% O K�R^+LHJ+10!0*OiR-0*g 0"RLR¡0 0"R�HPO*O K�RLR¡0kU*T e�R

� H)M�HoRL+1Q
O�,t,jO�g KhO�+10�.-K U*.JR<,j.s.-e5Q
� HJ+S+1Q_MLQsQ
d¦0*.¡H�O�O HPT/g 0*OiR<, R¡Q!Q*O��
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• / HP)*d¦0�+10!0*O^0(gi, +LH�O .s)�, �!0 0�T/) HV.!)�+-, R^+<)*)iRJ, +1Q
gk)*.<0!0 .!)*O�d¦0*.¡HPO*O HPT/g 0 )*u*uPK�0!0kR^U!�sHPgkg Q*T/T Hm]
� ?P?��&A"C�; ! ?P:-8 ! �(D�8 +LKB,/gk,t,m� H)M�HPO*u�,jOo+10

d¦0*.¡H�O�O HPT/g 0!0V)*u�K!+LHo+S+10"H�RLR¡0&�sHJ+LH�HPO�%
� 8 ! �(D :<; �Å8hD�8 +LKB,jgi,/,5R�HVg3)�)*d�,

W
0"MNKh.<0

HPd£K!+S+10!0 g Q!d¦Q*O )*Tt.¡K%QSKPR-0*O M^0�.s)�, �!0*O
R<, R¡Q K�R¡0*O�%
Q Tt,¶O HÄ+LK5d�O�, +

i, j
MNKB,LM�HPO MNKhT/TI0*.s,/OkR<, �*)*T/TI03KhO

MNK g Qsd�.<Q!Q gk)�+S+10 U*TWQ*uP,jO�+10kKhOiU5'sQ�.s)�, �!0�%
� ;|A"8*:-8 " � " D�8 +LKB,jgi, �!0�+ O H )�u�KP+<)�R�R^U!�"U�U$M�HJ+�0

MNKB,jTtTW0 g3)�)*d�,
W

gk)*)�+S+<)�)�%
Q Tt,¶.!)*O
� Ho+S+1Q usQ!Q"R�H"H\�*) K!+10*g 0!0*OiR<, R¡Q!Q*O
gk)*)*d�,jO

W
0*TÅ,jgkg 0"R^+1030�)*.¡K�RL+105%

Q Tt,¶g3)�)*d�, R�R¡0
W

KhT H��!0�+ +LK5d�O�, +
i, j.<0"R �P0��P0�R�R¡0_M^Q!d MNHoRL+�U*.JR1HoRLR-Q OP,/,LMPH�O

.¡K5d�.¡HP)$M�HPOkRo)�'�+LH�H�O5%
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• Y 0"RJ.-HJ+10!0�O�T/)��5)o+
d[i][j] =

R1H \LuPKh'NM^0*T H���U*O
U*TWQsdfH�)�O!0"R^+10�gi, +10�+S+<)sm )�u�KP+<)�R�R^U!�"U�U"R!0"MNKhO*.<0
M^Q*T/.¡H�HPOi+LK5d�O�,

i, j
KhO
� H)M�HPO 0*T/TI0�%

• � )*O�d¦0*.¡H�O�O HPT/g 0!0VO K�R^+LHo+10s0*Oi+10*.<0�, RJ,/O
� H)M�HoRL+1Q^0(d�)�)$MB)"R^+10

i, j
�P0�T/)*)
� HJ+S+1Q u�KB, R)0

.!)*O�O HoRi)*uPKP+<)"RLR^U)��U�U"R�KhO M^Q*T/T H�H�O
d[i][j]

]

' 0�+10*Tt,/O�dfH!, +S+-,m� H)M�HPO
�*,/d�d¦0�+10 d�)*)�+<)*)�O
i, j

KhO
.<Q!Q*O�+1Q"H�O g 0�+10*Tt,/O dfH!, +S+-,5R1HPO
��,jd�d³0o+10 u�KB, R"%

• � )*)�+<)�)*O i, j
M^Q!QiR<,/, R

tilavuus[i][j] = d[i][j]− korkeus[i][j]
U*.JR<,j.!.¡e�Q&�sHJ+S+1Q�%

� U R^U�+S+�Ui+<)�T K�R�KBO3RJ,t, RÄOsQ�,LM�HPO�T/)�.!)NMNHPO3RJ)*gkg 0
∑

1<i<M
1<j<N

tilavuus[i][j].

• 2 +LHJ+10!0*OiR<,/, R R1HP)*d¦0!0!�!0 g3)�)*d�,/O
W

0*)*.!.¡K
i, jM^0�.J0�RL+LHPT/TI0!0*O .<0�,/.!.s,¶O HV.!)�, �P0o+Gd�)*)$M�)�+

p, qMNKB,j'P,jOk+1Q"R^+1Q 0*)*.¡K�R^+10
��,/dÍ+10!0&� HJ+S+1Q�%
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_ T/)�.JRJ,m� H)M�HPO*u�,jOo+10�)�T KP+S+<)*)�uPKh'NM^0*T H���U�U*O�gk)�+S+10
H!,À.!)�)�+-,IKB,/'�,jO5% / ,/T/T KB,jO MNKh.<0�,jO"H�O
)*uPKP+<)"RLRLU!��U�U R

d[i][j]
KhO�g Q!Qsd�, +S+LHPT HPg Q�+LehO M^0

gk)*)*d�,
W

.¡K�K�R^+<)*)�.<0�,j. , R^+10 d£HP)*O!0sd�)*)$MB)P, R^+10 �� ��; �WE
W 6= ∅ ���

X KB, R^+10�gk)*)*d�, R^+10
W

R�HPT/TW0P,jO HPO�d�)*)�+<)
i, jMNKhO*.<0

korkeus[i][j]
KhO�u�,IHPO�,/O �

kastele(i, j)EhD�� � �B; �WE ���E*: " �SD ∑
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d[i][j]− korkeus[i][j] �

� �^���!E�� " ��E
kastele(p, q :

;¥D��BEhA ! ;
)
; !

;��
d[p][q]

KhO�gÄQsQ!d�, +S+LHPT H�g Q�+LeBO :Z�5EBD
; �

korkeus[p][q] > korkeus[i][j]
:Z��EBD

Y , R¡Q!Q�d�)*)�+<)
p, q

gk)*)�d�,t,jO
W

\�HPT/T HP,5R�HkKhT H
MNK RJ, H�TtTWQ!m

E&� ! E
d[p][q]

���
korkeus[i][j] �

�S� � 8�� � d�)�)$MB)*O
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EhD�� ;�� �
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• F Q"RLR¡Qk+LHP'�+1Q��PQ�R�R¡Q_M^0�+<.¡K�0�,j.<0�+10�)*T/)ÄR1HPT �*,WQ!Q
�!0"R^+10�u-U�U5'�.JQP, R^U5O 0�,/.<0*O!0�%

• ' )*)*d�,
W

� KB,NM50!0*Oi+LKP+LHP)�+S+10!0 .<0*T � K1MNH�Ok2¶% V.¡HP.-KBO!0�%

• / Kh.<0�, R1H�HPO�d�)*)o+<)*)*O�TÅ,/, +LHJ+1Q!Q�O&�*, HPTWQ�.¡HPO�+S+1Q^0
MNKh.<0�.-HPd�+LKBK 0(.!)*)*Tt)*)*.¡K�R�H gk)*)*d�,/,/O

W
%

• _ TÅ,IKh'NMNHPT/g 0
kastele(i, j)

+LHP.¡H�HiKhT H�HPT/TÅ, R�HoRL+-,
.<0*T � K1MNHPO3[¶%Ån�RLU!��U�U RLRJ)*)*O�+10�, R1HPO�TWQ�u�,j.<Q-U*O*O�,jO
d�)*)$MB)*O

i, j
O!0!0�u*)*d�)"RL+LKPR�R¡0�%

Y Q*u�,/.JQ-U*O�+-,-M^0�+<.!)*) TWQ*'�+Le!+LK�d�O�,W0
i, j.¡K5d�.¡H 0*gku�,/,/Oi+LK5d�O H!,j'�,/O3R¡0!0*.s.J05%

• _ T r�K5d�, +<gk,m��,IHÄRJ,/T/T K�,jO

O(I · log2(I))
0"RJ.-HPT +10

gi, RLR-Q
I = M ·N KBO3RLUJeP+S+LH�HPO�.¡Kh.¡K¶%
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• Y H!,j.!.<0!0!��, H�O_M^0*O"K1MNH�O3KhO r�HPT/g 0"RLR-0 ��#m0
T/)�.!) VmV %t2��@0*O*O HJ+10!0*OiRLUJeP+S+LH�HPO!Q

n
M^0*O!0s0

p1q1, p2q2, p3q3, . . . , pnqn\�HPTt,
2n

0*T/.s)�QçML0 T Khu�u*)*u�, RL+LHJ+S+1Q
pi

M^0
qj
0&HPTt,

4n
.-K�K5d M�,jO!0!0o+S+-,jT/)�.!)!0!mqM^0 .<U"RLU�+1Q!Q*OkKBO*.¡K

O�,t,LM�HPObMNKh)*.¡K�RLR¡0�.<0*.<RJ,-MNKP+<.<0�T H!,/.!.<0!0!�!0�+
+LKB, RJ,W0!0*O�%

• � 0*T � KB,/T/TW0�#�2¶%�# O!Q�'�+-,/,/O^0qgi, +LHPO d�, RL+-, +<)*T KB,/T/TI0
� KB, +-,t,jOÄR�HPT ��, +S+1QsQ

O(1)
0"RJ.¡H�T H�H�RLR¡0VT H!,j.!.<0!0!�!0�+<.¡K

.<0*.JR<,<M^0*Os0!0�%
/ ,jTtT KB,/O3KhOkU*.JR<,jO*.¡HPdÍ+10P,jO HPO

O(n2)0"RJ.¡H�T H�H�O 0*T r�K5d�, +<gi,;]�+LH�R^+10!0_MNKh.<0�, RL+10_ML0�O!0!0
.<0�,j.s.s,/,/OkR�H�O M^Q*Tt.-H�HPOi+<)�T H���,/,jO_M^0*O KB,/'�,jO�%

• a 0*'*g KP+LHPT/TI0!0*OÄ+1Q*TtT HiKhOsrPH�Ttg 0*T/T H
+LHP' Kh.!.<0!0�g3us0!0 0�TIr�K5d�, +<gi,Å0
u-U�U5'�.JQP, R^U5g HPO HJ+LHPT/g Q*TtTWQ�%
F Q"RLR¡Qk+LHP'�+1Q��PQ�R�R¡Q 0�,j.<0�+10�)*T/)*O&� KB,Àgk) K MPK�RL+10s0
HJ+<)*.<Q�+LH�HPO j7'Zo j(d h)b^'�u 'T,�,:'�h qT8sbidkR1KhuP, �!0"R^+-,â%
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• ` .JR<,jO�.-HPd�+10�, R^+10!��,Å0kKBT HJ+<)*.JR<,Å0^]

P ' ,j.<Q!Q*O_M^0*O K�, R^+103H!,�KhT HVu-U R^+�U RJ) K5d¦0�%
/ ,jTtT KB,/O�u-U�U*'*.<Q�, R^U!�*,t, �!0�T H!,j.!.<0!0_M^0*O!0�O
.¡K5d�.¡H!,jO�+10s0*OiU*'$M�HoRLR-Q�u�, RL+LH�HoRLR-Q�%
/!0*O!0 0*T/.<0!0&�!0"R�HPgkgÄ0�RL+10VusQ!Q�+LHPu�, R^+LH�HoRL+1Q!Q�O
M^0�u!QsQ�+S+�U�UkKB,j.¡H 0!0*O5%

� ;­;:	*8hD :<; �Å8 � KB,�R¡Q�,/T U�+S+1Q!Q T H!,/.!.<0!0*g 0*O"R¡0
M^0*O!0�+ T HP,/.!.<0*)"RJu�, R^+LH!,LM�HPO g3)�.J0P, R�H�RLR¡0
j7'Zo j(d h)b q���h(d�h h7' �|#m0q.!)��P0 VmV %Ånp\N0!m �N%

P / 0*g 0"RLR-0Vu�, RL+LH�HoR�R¡Q�T H!,j.!.<0!0&�!0�,/O�.<0*.<RJ,
M^0*O!0!05%
� ,t, �!0*O3KB'�, +S+10 HoRLR-0 .<0*'$M�HPO M^0*O!0*O
T H!,/.!.<0*)"RJu�, R^+LH�H�O O"H n lHcpr1bkl^n l1b 51lHc��6��l$l
+1Q"RLR-Q_M^Q!d MNHoRL+�U*.JR1HoRLR-Q �|#m0q.!)��P0 VmV %Ånp\Ll!m �N%
2 T HJ+<)*.<R1HPO O K1M^0*TtTW0 O HkK��!0�+ R<,jT/TIQ�' HJ+<.¡HPT/TIQ
t�l%l;5&)Ho dZc bkl MLQsd MNH�R^+�U5.<R1HoRLR-Q�%

• 2 T HJ+<)*.<R1HJ+ � KB,NM50!0*O u�KB, RL+10s0^0qgk)�+S+1030*TIrPK�d�, +<gi,
gk)�+<.s, RL+<)*)5%
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• � ;|A"8*:-8 " � " gk) KFM�K�R^+LHo+10s0*O d$b*)���'1bid!dZt
, l j�c b bid#,ed)u&l�,�,Ll RLUJeP+LH�ML0�O K1MNHPO 0*Tt.!)�QçM^0
u!Q!Qo+LH�uP, R^+LH"HJ+bR�Khu�, �!0"R^+-,;]
X , R^+LH

p = 〈x, y〉 KhO HPO*O"H�O3HPd�,
u�, RL+LHJ+S+1Q

p′ =
〈

x′, y′
〉 MNK�R

P x < x′

P x = x′
M^0

p
0*T/.<0!0 gk)�+S+10

p′
u!QsQ�+S+1Q!Q_M^0*O!0*O5%

P x = x′
0¶R�HP.<Q

p
HJ+S+1Q

q′
K��!0�+�0*Tt.<0!��,Å0Ä+10�,

u!Q!Qo+S+1Q!��,ÅQ^0çgk)�+S+10
y < y′

%

• � KB,LM*0!0*Ok+LHP'$M5Q
O(n · logn)

0"RJ.¡H�T H�H�RLR¡0
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• /!0*O!0 s
��#H0 .s)!�!0 VmV %pR%�
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u!Q!Q�RL+�UkR1HPO 0*Tt.!)*u�, RL+LH�HoR1H�HPO�%
/ ,jTtT KB,/O�.<U"R^U�+1Q!Q*O M^0*Os0*O

s
O!0s0*u*)*d�\�H m¡, R^+10

s′M^QsdIMNHoRL+�U*.JR�H�RLR¡Q T H!,j.!.<0!0��P0o+<.-K
s
M^0
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%

� �À; ! :¡E�:<8�8hD .s)*O�T Khu*u�)*u�, R^+LH�HoR1H�HPO�%
/ K�R

s
KBTt,ÀO!0!0�u*)*dfHP,NM�HPO

s′
M^0

s′′
�!Q*Tt, R�R¡Q

M^QsdIMNHoRL+�U*.JR�H�RLR¡Q^0(OP,/,jO�.<U"R^U�+1Q!Q*O
T H!,/.!.<0!0!�!0�+<.¡K

s′
M^0

s′′
%

• / K�RÄT H!,j.s.J0s0!�!0�+�0çO�,t,jOV0*T r�K5d�, +<gi,m�!0"RL+10s0
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P uPKB, R^+LK
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O(log n)
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